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ESQC Mathematics
Lecture 2

By Simen Kvaal e
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Drop me a

message!

Matrices

We pick up from last time
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Quick recap: Linear operator as matrix
[ x1]
n X2
A(x); = ZAijxj X = | X3
=1 :
[ X,
Ay Ap - Ap A A - Anldlh
Ay Ap - Ay At A | | 32
A= . . . A(x) = . :
Aw A o Am Awt A o Amll,
Space of matrices
* A matrix 1s a table
Aln
A2n
A
* Vectors are also matrices!
x e F" = F*! = M(n, 1, F)
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Matrix—matrix product

* ((x) = A(B(x)) is a linear operator.

Definition : Matrix product

Let A € M(n,m,F) and B € M(m, o, F). Then the matrix product C = AB € M(n, 0;F) is

defined by the formula
n
Cix = ZAiijk- (1)
j=1
The matrix product satisfies:
1. A(BC)=(AB)C associativity
2. A+ B)C=AC+BCand A(B+C)=AB+ AC distributivity

However, them matrix product is not commutative, i.e., AB # BA in general!

Computing the matrix product

AB=C Cij = ZAikBkj
%
An A - Aypl[Bu Bz -+ B Cyhn Cpp -+ Cyp
Ay Axp - Ap||Bu Ban -+ By Cy Cn - Cy
Aml Am2 tte Amn Bn] Bn2 e Bno le Cm2 e Cmo

Also, since x is a matrix, we write

A(X) = Ax
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Important matrix operations

* Transpose:

A")ij = Aji
* Hermitian adjoint:

(Af);j = Aj;

(x,y) = x"y

S

* Inner product as matrix product:

N =

General finite-dimensional
vector spaces

With several examples
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Space of polynomials

Pu={f:10,11> C| f(x) = ag +arx+ ars’ +--- +a,2", acC™)

* Polynomials of degree < n

* A function space we see that

* Show: Jupyter notebook we get a

matrix!

* Differentiation operator (n = 4)

0 1 0 0 O
0O 02 00
ﬁxi = ixi_l Dji = iéj,i—l’ D=0 0 0 3 O
O 0 0 0 4
0 0 0 0 O]

Space of matrices

* The space M(n) of square matrices (over some field) is a vector space

(A+ B)ij =Ajj+ Bij, (aA);; = A

* It is equal to Euclidean space in n?> dimensions
* But we have an additional structure:
A,Be M(n) = C =ABe€ M(n)

* Vector space with vector-vector multiplication = algebra
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A finite-dimensional C*-algebra

* In the second-quant lectures,

i .

Ce Cr {cesc } Stk A very important

example from the
mathematical

point of view
apl +Zakck + Z,Bkc

+ Z @peCrce + Z,kac ce + Z Yrecich

If N spin-orbitals: max N particles, so max degree is 2N

* We can consider an operator which is a polynom?

* So a finite dimensional vector space X of operators
* A vector space with a multiplication operation

Inner product, norm

* What these examples lack compared to Euclidean space:
* A sense of distance

* Euclidean space, as model of reality, comes with the intuition of which points
are close to each other

0
‘e
0
0
.
0
0
0
‘e
0

" All points y with [ly — x|| < e




9/14/22

General vector spaces

Vector space

) ) (linear
Mathematical abstraction
N structure)

Euclidean space
Comes with

linear structure +
inner product

Topology, Other

e.g., inner structures,
product, norm, e.g.,

or metric multiplication

Definition : Vector space

A vector space over the field F is a set V together with a binary vector addition + : VXV —
V and scalar multiplication - : F X V — V such that, for all x, y,z € V and all @,8 € F,
the following axioms are true:

1. There existsa0 € V such that0 + x = x forall x € V identity element for
addition
2. x+(+2)=(x+y)+z associativity for addition

3.x+y=y+x

commutativity for addition

4. There exists x’ such that x inverse element for addition

5.(@B) - x=a-(B-x) compatibility of scalar and field multiplications
6. 1-x=x identity for scalar multiplication
7. (@+B) - x=a-x+B-x distributivity of scalar multiplication
. a-(x+y)=a-x+a-y distributivity of scalar multiplication
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Definition : Linear independence, dimension

Let V be a vector space, and L C V a subset. The set L is linearly indepdenent if for any
finite set {v; | 1 <i <k} C L, we have

k
avi=0 = q;=0foralli

=1

1

The dimension of V is the cardinality of the largest linearly independent subset of V.

* In Euclidean space: the standard basis

* Polynomials: the various x’

Basis for finite-dimensional spaces
Definition : Basis

Let V be a vector space of finite dimension n. A basis is a linearly independent set of

vectors {by, - - , b,}, with exactly n elements.
Theorem
If B={by,---,by} is abasis for a the vector space V, dim(V) < +oo, then any v € V can

be uniquely decomposed as

Vv = Zn:v,-b,-. (1)
i=1
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Example

* The standard basis in Euclidean space:
n

X = Z X;€;

i=1

* The monomials in polynomial space:

n

p(x) = Z a;x'

i=0

* A basis is never unique

Examples: bases in the plane

« Standard basis, non-orthogonal basis, and not-a-basis

A . m C

e 5
2 : b] 1 b2 ¢

\J
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Examples of infinite dimensions

Approximations

* The space of all polynomials, unlimited degree S S

* The space of all sequences

seq ={c: N> X}, c¢=(coc1,02,""") For infinite
-
* The space of quadratically integrable functions exp;:?ons
L2RY) = {f B Gl fP dVx < +°°}
RN

Quantum

mechanics!

All finite dimensional vector spaces are
isomorphic —the same

* (... when it comes to the linear structure)

n n
v=Zx,-b,- — xeF av:Zax,-bi —  axeF
i=1 i=1

n
Vi + Vv = Z(x“ +xp)b; — x| +xp €eF"
=1

. . Action of
* And linear operators are .... matrices! :
operator in the

A given basis
Av = ZA,’ijbi
ij

10
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Finite-dimensional Hilbert spaces

Definition : Inner product

Let V be a vector space. An inner product {-,-) : V X V — F is a map which satisfies the
following axioms:

I. (x,x) 20, <(x,x)=0ifandonlyifx=0 non-negative
2. (xay +B2) = alx,y) + B(x,2) linearity
3. {ay + Bz, x) = @(y, x) + B (z, x) conjugate linearity
4. (x,y)y = (0, x) hermiticity

* Finite dim vector space + inner product = Hilbert space

All finite-dimensional Hilbert spaces are
the same

s ... when an orthonormal basis is selected “overlap
: . . . . . matrix”
* Let V' be a finite dim Hilbert space with given basis

V') = Z Z)'c,- (bi,bjyx; = xS x,
i=1 j=1

. . Orthonormal
* Inner prod induces an inner product on F"

basis
* It is not the Euclidean inner product unless

<bi, bj> = 6i,j, — S=1

11
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Remark

In order to study (the vector space structure of) finite dimensional Hilbert spaces, includ-
ing the linear operators over these spaces, it suffices to F” and matrices M(n, m,F).

More on matrices

Matrices are very central to finite dimensional spaces

12
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Examples of matrices in 2D Euclidean
space

* Show Jupyter notebook

End of lecture 2

* That’s it for today!

13



