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Molecular properties

•Spectroscopy 
• NMR, EPR, IR, Raman, Rotational spectra, MCD, …

•Time- (or frequency) dependent vs. time independent 

NMR

A DZ white dwarf with a 30 MG magnetic field 9
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Figure 8. Simulated magnetic DZ spectra for five di�erent surface averaged field strengths (⌫B), with each spectrum o�set from one another by 1 in normalised
flux. The inclination and dipole o�set parameters are the same as found for SDSS J1143+6615 (i.e. 15 degrees and �0.15, respectively). The background Zeeman
triplets have the same meaning as in Figure 4, with the field strength scale given on the right-hand axis.

sitions of Ca, as well as lines of Fe. Because SDSS J1143+6615
is currently the only available test for these calculations, and only
samples the relatively low-field end, searching for additional high-
field DZs within ongoing and future spectroscopic surveys (such as
SDSS V, WEAVE, and DESI) is imperative to test the accuracy of
our atomic data further at field strengths of many 100 MG.
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MCD

properties [11–14]. CH2BrF attracted our attention
because halogen-containing species have some connec-
tion with stratospheric ozone depletion [15–17], but
reliable experimental data for many halocarbons are
still unavailable, especially for those containing bro-
mine. Although no information on the environmental
relevance is available for this molecule, it could affect
the composition of the atmosphere since bromofluor-
omethane can potentially contribute to the destruction
of stratospheric ozone. In fact, its ozone depletion
potential (ODP) is 0.73 with respect to CFC-116 [18].

2. Experimental details

The rotational spectra of six isotopic species of
CH2BrF were investigated at sub-Doppler resolution.
More precisely, the mono- and bideuterated species of
bromofluoromethane, CDH79BrF, CDH81BrF,
CD2

79BrF and CD2
81BrF, as well as the two main

isotopologues, CH2
79BrF and CH2

81BrF, were
considered. Enriched samples were employed
(see Refs. [12–14] for details).

The Lamb-dip technique was exploited throughout
in order to better resolve the fine structure due to
the bromine nucleus in the rotational transitions and,
for deuterated species, to try to resolve that due
to deuterium. A frequency-modulated computer-
controlled spectrometer was employed using a conven-
tional free space cell [19]. To increase the sensitivity of
the spectrometer as well as that of the Lamb-dip effect
the radiation path was doubled [20]. A detailed

description of the spectrometer is given in Ref. [21],
and our experimental setup for performing sub-
Doppler resolution spectroscopy has been described
previously [22–25]. Therefore, here, we only report the
main details related to the present investigation. The
submillimeter-wave sources employed are frequency
multipliers driven by gunn diode oscillators, and the
frequency range considered is mainly 350–550 GHz.
The source is phase-locked to a rubidium frequency
standard, and the frequency modulation is obtained by
sine-wave modulating the 73 MHz local oscillator of
the synchronization loop. A liquid-helium-cooled InSb
detector was used and its output was processed by
means of a lock-in amplifier tuned at twice the
modulation frequency, so that the second derivative
of the natural line profile was recorded.

The Lamb-dip measurements were carried out at
pressures of 0.3–1 mTorr. The modulation depth used
was adjusted in the range 8–50 kHz according to the
experimental conditions and the transitions under
consideration. Low values of the working pressure
and modulation depth were chosen in order to
minimize as much as possible the dip widths, and
thus to improve the resolution. The modulation
frequency was fixed at 1.666 kHz.

Figure 1(a) shows, as an example, a portion of the
spectrum of the sample containing mono- and bideut-
erated bromofluoromethane (roughly 30% of both; for
details, see Ref. [14]) recorded at Doppler (black) and
sub-Doppler (red) resolution. This figure emphasizes
how the fine structure is better resolved by employing

(a) (b)

Figure 1. Portion of the Lamb-dip spectrum of the CH2BrF, CHDBrF and CD2BrF mixture recorded in the 539.12–539.14 GHz
frequency range. (a) Comparison between sub-Doppler (modulation depth 45 kHz) and Doppler limited (modulation depth
600 kHz) experimental spectra. Inset: small regions of the spectra of CD2

81BrF are shown in detail. (b) A !J¼ 0, with J¼ 64,
rotational transition of CH2

79BrF is shown in detail and compared with the calculated spectrum.
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Types of (time-independent) molecular 
properties

• State-specific properties
• Equilibrium structure
• Vibrational frequencies
• Dipole moment and polarizability
• NMR shielding
• Magnetizability
…

• Transition properties
• Electronic excitation energies
• One- and two-photon transition strengths
• Radiative lifetimes
• Ionization potentials and electron affinities
…

• Based on energy differences 
• Reaction energies
• Stability of conformers/isomers
• Atomization energies
• Dissociation energies
…

Focus of this lecture
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Part 1
Derivative theory
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Contents

•Properties as expectation values
•Properties as energy derivatives
•Numerical and analytical derivatives

•Hellman-Feynman theorem 
•Derivative theory
•Variational and non-variational wave functions
•Lagrangian formalism
• (2n+1) and (2n+2) rules
•Examples for first- and second-order properties via 

Lagrangian approach

11



Calculation of molecular properties

Quantum mechanics suggest: 
Calculate properties as 
expectation value to a corresponding 
Hermitian operator    !

12
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Molecular properties as expectation value

•Example: dipole moment
•Calculation via expectation value of respective operator

•For quantum-chemical calculation: el. part relevant
•Expectation value:  

<latexit sha1_base64="OMSh+ALYeMjFJzxV9f/9pgS/Vtg="></latexit>

µ̂ =
X

↵

(�er↵) +
X

A

ZARA

electronic part nuclear part

<latexit sha1_base64="TeZLItSQngAh7FvpsvQ90lYlD7s="></latexit>

µ̂ = µ̂el + µ̂nuc

<latexit sha1_base64="syfm05kdPXkQZ9trz4bUP+sIsik="></latexit>

h | µ̂el |  i WF normalized
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Molecular properties as energy derivatives

Alternative view: Property as a response of a system to a 
(small) perturbation 

à to be calculated as energy derivative with respect 
to a perturbation parameter to which to property is 
associated

à sufficiently weak perturbation:  Taylor expansion 
around x=0
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Molecule in electric field

•Response of the system to a perturbation

electric field
<latexit sha1_base64="Fpcnlk7ZT64k8VruHZkU1x+wn+o="></latexit>"

à

Energy of the molecule changes and is a function of the electric 
field

<latexit sha1_base64="+LOxDRLYWUJIt+7NRk45fvtXqQE="></latexit>

E(")
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<latexit sha1_base64="/q0Db3h3baITOXJlZowkOsME++w="></latexit>

E(") = E(" = 0)� µT"� 1

2
"T↵ " . . .

• Expansion with respect to electric field as perturbation 

• Taylor expansion around the field-free case

• Comparison: 

 

Example: Perturbation by electric field

field-free energy

<latexit sha1_base64="9sJ2tP1HkOED6J2yJd6oDZrYIC0="></latexit>
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<latexit sha1_base64="xKt1xmboU4xSHEDVOFN2UV0Ab+c="></latexit>

µ = � dE

d"

����
"=0

dipole moment

<latexit sha1_base64="07NRgV7VwzYeUarRO/2IynRku5c="></latexit>

↵ = � d2E
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"=0

polarizability
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expansion coefficients characteristic of the molecule and its quantum 
states à molecular properties. 

field – dependent terms



Expectation value vs. derivative

•We have now seen two ways to calculate the dipole 
moment: 

17
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µ = h | µ̂ |  i vs.

expectation value energy derivative



Expectation value vs. derivative
•Equivalence? 

 

 à Dipole moment as energy derivative
à Equivalence to perturbation theory expression

<latexit sha1_base64="fgNl4065dW4rLkVqK+kSvr+Vyoo="></latexit>

dE

dx
= h | dĤ

dx
|  i WF normalized:

with
<latexit sha1_base64="WAeolqZNXqAzLOeJRYHpH1icGN4="></latexit>

Ĥ = Ĥ0 � µ̂" such that

<latexit sha1_base64="Uj8L1PbwkPcNjAIV17oW3WwrJiE="></latexit>

�dE

d"
= h | µ̂ |  i = µ

modifies Vne

<latexit sha1_base64="BUj/rEd+CrRrGUW8ukk1inUSs40="></latexit>

h |  i = 1
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à Hellmann-Feynman theorem!



Proof of Hellmann-Feynman theorem for 
exact wave function

•Derivative of energy-expectation value:
<latexit sha1_base64="TXVcUdZ7Zc+dui+D3xlbJ3FA3XM="></latexit>
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Schrödinger equation
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| Ĥ |  i+ c.c.

◆
à

<latexit sha1_base64="fgNl4065dW4rLkVqK+kSvr+Vyoo="></latexit>

dE

dx
= h | dĤ
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Implications of Hellmann-Feynman theorem

• Only derivatives of Hamiltonian with respect to the 
perturbation needed (integrals) 

• No derivatives of wave function needed

Generally true?
What about approximate wave functions? 

20



Example: Hartree-Fock wave function

<latexit sha1_base64="FIUxhPMZr7GsMkgbXYEIwLjhfrg="></latexit>

EHF ! EHF + �EHF
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 HF !  HF + � HF

<latexit sha1_base64="K+VCTSYdVnGrEwdRdIO0ywbMFjo="></latexit>

=  HF +
@ HF

@↵
@↵

<latexit sha1_base64="6ECsxjPeDgJWCEHkzUTyNE/xuXI="></latexit>

= EHF + h� HF | Ĥ |  HFi+ h HF | Ĥ | � HFi

HF variational condition:
<latexit sha1_base64="LTxmN2iq455fiO/YvUFD6e2OXNE="></latexit>

�EHF = 0
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No derivative contributions in HF wave function 
à Hellman-Feynman theorem valid (in the basis-set limit)

HF variation:

Infinitesimal perturbation

Normalized WF



Example: Hartree-Fock wave function

•Why Hellman-Feynman theorem not necessarily 
outside the basis-set limit for HF wave function?
• Incomplete basis à variation is being performed within 

a subspace
•Proof only valid if derivative and variation within the 

same space

22

full space

subspace of
variation
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Example: Hartree-Fock wave function

•Hellmann-Feynman theorem valid for Hartree-Fock
wave function in the basis-set limit due to variational 
nature of theory
•Outside the basis-set limit: Does perturbation change 

metric?   <latexit sha1_base64="jZHNRsR5HTvQ+MBFXJ9flSzo8L0="></latexit>

�pq = h�p | �qi =
X

µ⌫

c⇤µpcvqSµ⌫

differentiate
<latexit sha1_base64="zPN7f6J2IB4P4jNZCjn+FYCkYw4="></latexit>

0 =
X

µ⌫

✓
@(c⇤µpc⌫q)

@x
Sµ⌫ + c⇤µpc⌫q

@Sµ⌫

@x

◆

Hellmann-Feynman theorem valid if
àIf basis functions do not depend on perturbation à no change of the 

metric à Hellmann-Feynman theorem valid
✅ electric field (for dipole moment)
❌ nuclear coordinates (for geometric perturbations) 23
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Derivative theory 

à Useful concept: we can calculate 
properties as energy derivatives

24



Examples of derivatives and their connection 
to properties

Response to
• Geometrical perturbations

Forces and force constants
• External electric fields

Permanent and induced moments, vibrational intensities
• Nuclear quadrupole moments

Nuclear field gradients, quadrupole-coupling constants
• Magnetic fields

magnetizabilities
• Magnetic fields and nuclear magnetic moments 

NMR and ESR parameters
• Magnetic and electric fields

Magnetic circular dichroism, optical rotation
• Molecular rotation

Spin-rotation constants and molecular g values 

25
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Table 1. List of molecular properties which can be computed as derivatives of energies

Derivative Observable
dE

d"i

dipole moment; in a similar manner also multipole
moments, electric field gradients, etc.

d
2
E

d"↵d"�

polarizability

d
3
E

d"↵d"�d"�

(first) hyperpolarizability

dE

dxi

forces on nuclei; stationary points on potential energy
surfaces, equilibrium and transition state structures

d
2
E

dxidxj

harmonic force constants; harmonic vibrational frequencies

d
3
E

dxidxjdxk

cubic force constants; vibrational corrections to distances

and rotational constants
d
4
E

dxidxjdxkdxl

quartic force constants; anharmonic corrections to

vibrational frequencies
d
2
E

dxid"↵

dipole derivatives; infrared intensities within the harmonic
approximation

d
3
E

dxid"↵d"�

polarizability derivative; Raman intensities

d
2
E

dB↵dB�

magnetazibility
d
2
E

dmKjdB↵

nuclear magnetic shielding tensor; relative NMR shifts

d
2
E

dIKidILj

indirect spin-spin coupling constant

d
2
E

dB↵dJ�

rotational g-tensor; rotational spectra in magnetic field

d
2
E

dIKidB↵

nuclear spin-rotation tensor; fine structure in rotational
spectra

dE

dmKj

spin density; hyperfine interaction constants

d
2
E

dSidB↵

electronic g-tensor

The latter issue is of particular concern if one is interested in the forces on the N

nuclei of a molecule within a geometry optimization. The numerical evaluation of

4

and many more

J. Gauss, Modern Methods and Algorithms in Quantum Chemistry, 3, 541, (2000)



Potential-energy surfaces & geometrical 
derivatives

• In Born-Oppenheimer approximation, the potential-energy 
surface (PES) is a function of the molecular geometry 

Fig: https://www.mathworks.com/help/matlab/ref/surfc.html

• Taylor expansion around a reference geometry
<latexit sha1_base64="+7lzH3QFYyR7XA5OSKeANorsCYI="></latexit>

E(x) = E(x0) +
dE

dx

����
x0

(x� x0) +
1

2

d2E

dx2

����
x0

(x� x0)
2 + . . .

molecular gradient
à forces

molecular hessian
à vib. frequencies

• Needed to locate and characterize critical points
Minima à (meta-)stable geometries
Saddle points à transition states

• Relation to IR à vibrational frequencies, spectroscopic 
constants, intensities
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NMR parameters

Expansion of energy with respect to magnetic moments 
m and magnetic field B
(due to interaction with vector potential, see also part 2 
on magnetic properties)

<latexit sha1_base64="YpSId2MsqAUIaaGbQlotuOoxGjE="></latexit>

E(m,B) = E0 +
dE

dm
m+

dE

dB
B +

1

2

d2E

dBdB
B2 +

1

2

d2E

dmdm
m2 +

d2E

dBdm
Bm+ . . .

related to NMR shielding 
(coupling between B and m)

related to spin-spin coupling

28

related to
magnetizabilites



How to calculate the energy derivatives?

In principle two ways: 
Numerical vs. analytical derivatives

29



Numerical differentiation

•Numerical differentiation (symmetric form)

looks rather simple…, “no” new code needed 
Why bother doing anything but this?
Important questions: 
•What does it cost? 
•How accurate is it? 

<latexit sha1_base64="uQ6yZ7gwMbMYKmd/g9fNvYCj6Tc="></latexit>

dE

dx

����
x0

⇡ E(x0 +�x)� E(x0 ��x)

2�x
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Cost of numerical differentiation: Gradient

•Example: differentiation wrt nuclear coordinates 
• Number of atoms Natom

• 3 per direction (x,y,z)
• 2 per derivative

<latexit sha1_base64="uQ6yZ7gwMbMYKmd/g9fNvYCj6Tc="></latexit>

dE

dx

����
x0

⇡ E(x0 +�x)� E(x0 ��x)

2�x

6 x Natom calculations
(more for better approximations)

à Scales with number of atoms
à Will become prohibitive for larger molecules

31

Gradient, geometry 
optimization



•For Hartree Fock, most time-consuming step is 
derivative of the two-electron integrals with respect to 
nuclear coordinates (see also later)
•Number of integrals                      ∼M4

•Number nuclear coordinates ∼ 3 Natom

•Number of derivative integrals is 4 BF (centered @A) x 
3 coordinates x M4 = 12 M4

Cost of analytical differentiation: Gradient

32

<latexit sha1_base64="stRTe1PpURbxxSazXnn+Uhu4JnE="></latexit>

hµ� | ⌫⇢i ~3Natom M4?

<latexit sha1_base64="bg7ypnXJdqNGtVqmsL3u6bLAhs8="></latexit>

@hµ� | ⌫⇢i
@XA

= h @µ

@XA
� | ⌫⇢i+ hµ @�

@XA
| ⌫⇢i+ . . .

<latexit sha1_base64="MhUiTvagCJbxjnZKCMAiNgiAB5w="></latexit>

6= 0 Only if BF      centered @ A
<latexit sha1_base64="aXYRM1KDGGxpesQE9DFnSO1DkHI="></latexit>µ

Important: HF analytic gradient does NOT scale with number of 
atoms! 



Numerical differentiation 
6 x Natom x M4

• Scales with number of atoms

Analytical differentiation 
12 x M4 (plus some extra)
Does not scale with number of 
atoms

33

Possible to go to larger molecules when analytical derivatives 
are available. 

Cost comparison for HF gradient 



Accuracy of numerical differentiation

•Accuracy is dependent on step-size Δx
• In the limit of Δx⟶ 0, we would get the exact results 
•Hence one would in principle want to choose Δx as 

small as possible
•However, this in practice not a good idea…

34

<latexit sha1_base64="uQ6yZ7gwMbMYKmd/g9fNvYCj6Tc="></latexit>

dE

dx

����
x0

⇡ E(x0 +�x)� E(x0 ��x)

2�x



Accuracy of numerical differentiation

Example: Energy converged to 10-10 Eh 
à Error in gradient:  

•Δx too small: Round-off errors!
•Even more problems with higher derivatives 

<latexit sha1_base64="LoZcUpL4ymmIo0QANCdUT+dwwvo="></latexit>

2 · 10�10

2�x

Δx error
10-4 10-6

10-6 10-4

10-8 10-2

35

According to 2-point formula

This is already 
rather optimistic…
Anyways: machine 
precision ~10-15



•Δx too large: Contamination from higher derivatives!

<latexit sha1_base64="6fdZERDwJOi1UEEnhp3s61WEXQo="></latexit>

E(x0 +�x) = E(x0) +
dE

dx

����
x0

(�x) +
1

2

d2E

dx2

����
x0

(�x)2 +
1

3!

d3E

dx3

����
x0

(�x)3 + . . .

Accuracy of numerical differentiation

<latexit sha1_base64="FhSR3eXrOSN7r0R/cg+lGoJP/YQ="></latexit>

E(x) = E(x0) +
dE
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d2E

dx2
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(x� x0)
2 +

1
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d3E

dx3

����
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(x� x0)
3 + . . .

For x=x0+Δx Δx 

For x=x0-Δx 
<latexit sha1_base64="nCGXo64e6UN1DGzVijAEM+soNHI="></latexit>

E(x0 ��x) = E(x0) +
dE
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����
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2

d2E
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����
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1
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<latexit sha1_base64="JhYZtDRPrY9xYHj3gci4gl37F7g="></latexit>

E(x0 +�x)� E(x0 ��x)

2�x
=

dE

dx

����
x0

+
1

6

d3E

dx3

����
x0

�x2 + . . .
à

contamination,    
grows with Δx
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Accuracy of numerical differentiation
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Accuracy of numerical differentiation

Possible to use higher-order polynomial for the to 
approximate the derivative but then even more 
calculations derivative needed:  

(n points à (n-1)th order polynomial)

For example, rather than the 2-point formula
the 4, 6, etc… formula can be used:
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III.3. Numerical differentiation

Even though in this equation the derivative of the Lagrange multipliers is needed, the

number of equations to be solved may be less than in (III.10). This is due to the fact that

in (III.11) the derivatives of the wave-function parameters and Lagrange multipliers are

needed only for the second perturbation y.96

In this work, this variant of taking the second derivative (which is often referred to as

asymmetric expression) has been used to calculate higher-order relativistic corrections.

III.3. Numerical differentiation

As already shown in (III.2) a simple possibility to calculate energy derivatives numer-

ically consists in using a two-point formula. The equation given there approximates the

derivative linearly using two displacements and is derived from

f(x) = a+ bx

f(−x) = a− bx

→ b =
f(x)− f(−x)

2x
. (III.12)

If higher accuracy is needed, the derivative may be calculated using more displacements.

In this work four-, six-, and eight-point formulas have been used which correspond to a

third-, fifth-, and seventh-grade polynomial. The four-point formula may be derived from

f(x) = a+ bx+ cx2 + dx3

f(−x) = a− bx+ cx2 − dx3

f(2x) = a+ 2bx+ 4cx2 + 8dx3

f(−2x) = a− 2bx+ 4cx2 − 8dx3

→ b =
8[f(x)− f(−x)]− [f(2x)− f(−2x)]

12x
(III.13)
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III. Derivative Theory

after elimination of c and d. For the six-point formula it follows

f(x) = a+ bx+ cx2 + dx3 + ex4 + fx5

f(−x) = a− bx+ cx2 − dx3 + ex4 − fx5

f(2x) = a+ 2bx+ 4cx2 + 8dx3 + 16ex4 + 32fx5

f(−2x) = a− 2bx+ 4cx2 − 8dx3 + 16ex4 − 32fx5

f(3x) = a+ 3bx+ 9cx2 + 27dx3 + 81ex4 + 243fx5

f(−3x) = a− 3bx+ 9cx2 − 27dx3 + 81ex4 − 243fx5

→ b =
45[f(x)− f(−x)]− 9[f(2x)− f(−2x)] + [f(3x)− f(−3x)]

60x
. (III.14)

More generally, with n points a polynomial of the order (n − 1) can be fitted. This

corresponds to a Taylor expansion and the coefficients correspond to the derivative of the

same order
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x
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c
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x2
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To determine the coefficients, a linear system of equations is needed:
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1 2x (2x)2 (2x)3 . . .
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...

...
...

...
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f(3x)
...









(III.16)

Ac = f (III.17)

which is solved by inverting the matrix A as

c = A−1f . (III.18)

Naturally, if the derivatives are calculated using higher polynomials as approximation, the

accuracy increases. In return, however, the computational cost rises as well because more

energy calculations using different perturbation strengths have to be carried out. Yet,

one has to pay attention as using a many-point formula will not necessarily give a reliable

result. First of all, the step size x of the displacements may be too large to approximate

30

III.3. Numerical differentiation

Even though in this equation the derivative of the Lagrange multipliers is needed, the

number of equations to be solved may be less than in (III.10). This is due to the fact that

in (III.11) the derivatives of the wave-function parameters and Lagrange multipliers are

needed only for the second perturbation y.96

In this work, this variant of taking the second derivative (which is often referred to as

asymmetric expression) has been used to calculate higher-order relativistic corrections.

III.3. Numerical differentiation

As already shown in (III.2) a simple possibility to calculate energy derivatives numer-

ically consists in using a two-point formula. The equation given there approximates the

derivative linearly using two displacements and is derived from

f(x) = a+ bx

f(−x) = a− bx

→ b =
f(x)− f(−x)

2x
. (III.12)

If higher accuracy is needed, the derivative may be calculated using more displacements.

In this work four-, six-, and eight-point formulas have been used which correspond to a

third-, fifth-, and seventh-grade polynomial. The four-point formula may be derived from

f(x) = a+ bx+ cx2 + dx3

f(−x) = a− bx+ cx2 − dx3

f(2x) = a+ 2bx+ 4cx2 + 8dx3

f(−2x) = a− 2bx+ 4cx2 − 8dx3

→ b =
8[f(x)− f(−x)]− [f(2x)− f(−2x)]

12x
(III.13)

29

4pt:

6pt:

2pt:



Accuracy of numerical differentiation

•Or more generally:

•Solve for coefficients 
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III. Derivative Theory
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Accuracy of numerical differentiation

Remaining issues:
•More calculations needed for fits to higher-
order polynomials
•Still unclear what a good step size is. This 
needs calibration (more calculations).
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Analytical derivatives

• In principle exact

•Require explicit expressions and their implementation 
(traditionally new implementation per new method 
with some re-use)

•Often less computational cost (as compared to 
numerical differentiation)

•Differences whether or not methods are variational 
(constrained /unconstrained) or non-variational
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Numerical vs analytical differentiation

42

accuracy

implementation

imaginary pert.

freq. dependence

efficiency

numerical analytical

limited high

low high

yes

yes

demandingeasy

no

only with complex
wave function

àAnalytic differentiation preferred if available



In the following we will deal with analytical derivatives 
and the „tricks“ to use in order to get the derivatives 
with as low computational cost as possible
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Explicit and implicit dependence on 
perturbation

• Energy expression, dependence on the perturbation 
•Wave function parameters c (MO coefficients, amplitudes) 

• In general case need to consider both implicit as well as explicit
dependence on perturbation when differentiating, i.e. 

<latexit sha1_base64="a1c9/AeLoO/1pL1E2Ia+ouznkLk="></latexit>

E(x) = h (c(x)) | Ĥ(x) |  (c(x))i

explicit dependence implicit dependence
 

implicit dependence 
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dE(x)

dx
=

@E

@x
+

@E

@c

@c

@x

explicit dependence implicit dependence 

change of WF wrt
pertubation x = wave 
function response
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Variational wave function

•When WF is determined in unconstrained variation 
then (as per definition!) 

• It follows:

•This means the response of the wave-function 
parameters does not need to be calculated to obtain 
the gradient

<latexit sha1_base64="ly2qJPzKGCos1NVVDwQ0gg4zqjA="></latexit>
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Examples for variational wave functions

•Hartree-Fock (HF) energy in an unconstrained 
exponential parametrization

•Full CI (FCI) wave function as an expectation value

46
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doesn‘t vanish

Constrained variation and non-variational 
wave functions

• If wave function is constructed via constrained variation 
or in a non-variational manner, in principle response of 
wave-function parameters needs to be calculated

•Possible…., will need a set of equations per 
perturbation

<latexit sha1_base64="ly2qJPzKGCos1NVVDwQ0gg4zqjA="></latexit>
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+
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@x

needs hence to be calculated! 
🫠
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•HF energy

•Differentiate

•would need to solve for perturbed wave-function 
parameters à coupled-perturbed HF (CPHF) equations 

Example: HF gradient

48
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•CPHF equations from differentiating Brillouin condition

•Parametrization

•Linear equations for  

Perturbed MO parameters

49
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CPHF coefficients

can be solved iteratively. 
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Perturbed MO parameters

•Do we actually need to calculate the 
perturbed wave-function parameters? 

•Solution: enforce stationarity of energy 
expression with respect to perturbation-
dependent parameters c

à method of Lagrange multipliers!
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Method of Lagrange multipliers
INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY, VOL XXI. 939-940 (1982) 

Simple Derivation of the Potential Energy Gradient for an Arbitrary 
Electronic Wave Function 

TRYGVE ULF HELGAKER 
Department of Chemistry, University of Oslo, Blindern, Oslo 3, Norway 

An analytical expression for the potential energy gradient was first given by Bratoi [ I ]  in 1958 for the 
closed-shell Hartree-Fock case. Over the last few years analytically calculated gradients [2-131 have been 
extensively used for studying molecular potential energy surfaces, and much credit for this development 
goes to Pulay [ 14,151. The purpose of this letter is to present a very simple derivation of the expression for 
the gradient for an arbitrary electronic wave function. 

Consider an arbitrary wave function \E(p,) which is uniquely determined by then parameters b,}. The 
expectation value of the energy E has been minimized with respect to the first m parameters subject to 
the constraints 

Ck(pIJJ2,. . . 9 P n )  = 0, (1) 

i.e., 

dE d c k  - + + l k - = O .  i = 1 , 2  , _ . . ,  m ,  
dpi k dpi 

where l k  are Lagrangian multipliers. Examples of such constraints are the orthonormality of the molecular 
orbitals for HF functions and the normalization of expansion coefficients for CI functions. We wish to derive 
an expression for dE/dX,  where X is a parameter determining the molecular electronic Hamiltonian H .  
We note that, since dCk/dX = 0, 

For each of the optimized parameters the contribution to the sum lanishes due to Eq. (2), whereas for each 
constant parameter the contribution vanishes due to dp i /dX  = 0. Thus Eq. (3) reduces to a summation 
over parameters that are neither constant nor optimized. These parameters (u,) may conveniently be termed 
unstable: 

From this expression it is easily seen that all stable functions, in the terminology of Hall [16], obey the 
Hellmann-Feynman theorem. Conversely, any unstable parameter may give rise to an additional wave 
function force. Important examples of the latter are orbital coordinates fixed on the atomic nuclei and orbital 
coefficients in a conventional CI function. 
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• A numerically stable procedure for calculating Møller–
Plesset energy derivatives, derived using the theory of 
Lagrangians, T. Helgaker, P. Jørgensen, and N. C. Handy,
Theor. Chim. Acta 76, 227–245 (1989) 124 citations

• Coupled cluster energy derivatives. Analytic Hessian for 
the closed-shell coupled cluster singles and doubles 
wave function: Theory and applications, H. Koch, H. J. 
Aa. Jensen, P. Jørgensen, T. Helgaker, G. E. Scuseria, and 
H. F. Schaefer III, J. Chem. Phys. 92, 4924–4940 (1990) 
281 citations

Better known: 

ß First paper on this (within quantum-
chemical context)
• cited 12 times (according to google scholar)
• Trygve‘s first single-author paper (pre-PhD)
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Method of Lagrange multipliers

• Set up energy functional (Lagrangian L) with side condition f
• Side condition written such that 

• If those side conditions are fulfilled, Lagrangian is equal to the 
energy itself: L=E

• Lagrangian:

• Enforce stationarity
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Method of Lagrange multipliers

•Stationarity 

•Note: derivative wrt c à 𝝺
derivative wrt 𝝺à c
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Note: perturbation-independent (as compared to       )
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Method of Lagrange multipliers
• Hence for the gradient:

àWe managed to avoid having to solve for response of wave 
function parameters to perturbation!
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to expression for 
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Method of Lagrange multipliers

•Constrained variation: side condition corresponds to 
constraints that need to be fulfilled.  Example: 
orthogonality constraint of the orbitals for Hartree-
Fock*

•Non-variational wave functions: side condition 
corresponds to the conditional equations that are 
needed to get the wave function parameters (solved 
anyways)

*note that HF can be formulated in unconstrained manner using orbital rotation 55



Lagrangian expressions: Hartree Fock

•Hartree-Fock Lagrangian:
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Hartree Fock gradient

•HF gradient:

•Essentially only integral derivatives required!
•No derivatives of the density matrices  
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Reminder Coupled Cluster
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bâj âi
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Lagrangian expressions: Coupled Cluster

•Coupled-Cluster Lagrangian (non-variational!)

•Often written as

with deexcitation operator 

ECC

Amplitude equations (determine the CC amplitudes)
Lagrange multipliers (one per constraint)
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Lagrangian expressions: Coupled Cluster

•Full CC Lagrangian and required side conditions (from t-
amplitudes and MO-coefficients à orbital relaxation) 

Brillouin condition
(HF minimal condition)

orthogonality 
condition of MOs

E + amplitude
equations
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wf parameters 1: CC amplitudes tp wf parameters 2: MO coefficients c

à Total of 3 types of Lagrange multipliers 𝜆p, Zai, Ipq
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Lagrangian expressions: Coupled Cluster

density matrices (contain tp and 𝜆p amplitudes)
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<latexit sha1_base64="eMSRUh7kth5jfArzY9ikXAsjfWc="></latexit>

�pqrs = h HF | (1 + ⇤)e�T̂ {â†pâ†qâsâr}eT̂ |  HFi
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•Derivatives with respect to the wave-function parameters

à Perturbation-independent equations

Lagrangian expressions: Coupled Cluster
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Lagrangian expressions: Coupled Cluster

•Gradient
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Notation: only the integrals (but not MO coefficients are 
differentiated!
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Flowchart CC gradients 
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Solve CC and 𝚲 equations (~N6, N8, …) 

Build CC density matrices (~N6, N8, …) 

Transformation of densities to AO basis (~N5)

Contract with integrals derivatives (N4, no storage)

Computation independent of Npert
à for geometrical gradients: independent of number of atoms



A note on orbital relaxation

•For the CC (or MP, CI, …) wave function:

•Choice whether to include orbital relaxation, i.e., terms 
that stem from the HF wave-function parameters 
(Brillouin & orthogonality condition)

<latexit sha1_base64="p4V5jI4j8Ue3ZUptOll+8WaXlTo="></latexit>
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MO coefficients amplitudes (or CI coefficients, …) 

switch on perturbation x

<latexit sha1_base64="3ZW4J2vC/4x6ndzz5YzYv3U4vsA="></latexit>

 =  (c(x), t(x))
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 =  (c(0), t(x))or

Perturbation only switched on for 
correlation treatment
NO orbital relaxation

MOs may react to the 
perturbation
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A note on orbital relaxation

•Relevance of inclusion depends on type of perturbation
• Perturbation changes the metric à inclusion important
• In particular for geometric perturbations a must (correct gradient) 

• Perturbation does not change the metric à free choice
• Electric field 

• For frequency-dependent perturbations, consideration of orbital 
relaxation leads to additional unphysical poles (from HF) à not 
recommended
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wexc

w

Þ   pole position at excitation frequency 
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Take-home messages lecture 1

•Properties can be calculated as energy derivatives

•Analytic differentiation is preferred (accuracy + cost)

•Perturbations that change the metric can cause more 
work (validity of Hellman-Feynman theorem)

•Method of Lagrange multipliers is useful to get 
(efficient) expressions for the derivatives also for non-
variational methods 

•Usefulness of inclusion of orbital relaxation depends 
on property
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Reminder: method of Lagrange multipliers

• Set up energy functional (Lagrangian L) with side condition f
• Side condition written such that 

• If those side conditions are fulfilled, Lagrangian is equal to the 
energy itself: L=E

• Lagrangian:

• Enforce stationarity
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Reminder: method of Lagrange multipliers

• Hence for the gradient:

àWe managed to avoid having to solve for response of wave 
function parameters to perturbation!
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to expression for 
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Only contributions from explicit dependence 
(perturbed integrals) needed 



(2n+1) rule for wave-function parameters

•One can show that the n-th derivative of the wave-
function parameters is sufficient for the calculation up 
to the (2n+1)-th derivative of the energy!

n=0 à 1st derivative of energy 
n=1 à 2nd and 3rd derivative of the energy 
n=2 à 4th and 5th derivative of the energy

• Holds for variational wave functions 
• Holds for constrained variation and non-variational methods 

when Lagrangian is used 

no response of the wave 
function parameters 
required

c(n) à E(2n+1)
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(2n+2) rule for Lagrange multipliers

•Similarly, one can show that the n-th derivative of the 
Lagrange multipliers is sufficient for the calculation up 
to the (2n+2)-th derivative of the energy! 

n=0 à 1st and 2nd derivative of energy 
n=1 à 3rd and 4th derivative of the energy 
n=2 à 5th and 6th derivative of the energy 

First contribution appears for third derivative of the energy!

λ(n) à E(2n+2)
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Second derivatives

•For the second derivative, according to the (2n+1) and 
(2n+2) rules, the first derivative of the wave-function 
parameters c(1) is required, no derivatives with respect 
to the Lagrange multipliers λ(0).

•Equations for the perturbed wave-function parameters 
via differentiation of their conditional equations wrt to 
the perturbation.
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Second derivatives

•Depending on the perturbation it can be advantageous 
to differentiate the first derivative leading to the so-
called asymmetric expression

•No derivative of c wrt to perturbation x needed.
• Instead, derivative of 𝝺 wrt to y needed. 
•Order of differentiation: Example NMR shieldings: 
• Perturbation 1: Nuclear magnetic moment, Natom*3 

components
• Perturbation 2: Magnetic field, 3 components, two sets 

<latexit sha1_base64="NZS+lpycSkGuXjG5HoIOArdV3Eo="></latexit>

d2E

dxdy
=

d

dy

@L

@x
=

@2L

@x@y
+

@2L

@x@c

@c

@y
+

@2L

@x@�

@�

@y

74



•Typical example: harmonic vibrational frequencies

•Taylor expansion of the BO potential around 
equilibrium geometry & cut after harmonic 
approximation

• Insert into nuclear Hamiltonian

Harmonic frequencies
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• Introduce mass-weighted coordinates

•Diagonalize Kmatrix to construct new coordinates 
from the eigenvectors L
•Build normal coordinates

•vibrational frequencies

Harmonic frequencies
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Expression for HF second derivatives

(2n+1) à Derivative of MO coefficients needed à CPHF equations
Shown here: asymmetric expression 
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that calculation of HF-SCF gradients does not require storage of integral derivatives
which would be a serious bottleneck.

For second derivatives of the energy, the following expression is obtained at the
HF-SCF level15,16
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As a consequence of the (2n + 1) rule, the expression given in Eq (25) contains
only first derivatives of the MO coe�cients. The latter are determined through
equations that are obtained by di↵erentiating the HF equations
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Flowchart HF second derivatives
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SCF calculation 

Transform integrals

Solve CPHF equations, get
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Expression for CC second derivatives
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and ignore the MO coe�cient contributions. A corresponding complete discussion
can be found in the literature30,31.

Di↵erentiation of Eq. (37) with respect to x and y yields31
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dT
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]|0i+

+h0|(1 + ⇤)[[exp(�T )H exp(T ),
dT

dx
],

dT

dy
]|0i. (45)

As stated by the (2n+1) and (2n+2) rules, the expression given in Eq. (45) contains
only first derivatives of the cluster operator (and thus of the CC amplitudes) and
no derivative contribution of the ⇤ operator. The required perturbed amplitudes
are determined by solving the first-order CC equations obtained by di↵erentiating
the corresponding unperturbed equations given in Eq. (36) with respect to x or y:

h�p| exp(�T )
@H

@x
exp(T )|0i+ h�p|[exp(�T )H exp(T ),

@T

@x
]|0i = 0. (46)

For some cases, it might be advantageous to rearrange Eq. (45) and to use instead
the following expression31

d
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= h0|(1 + ⇤) exp(�T )

@
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@x@y
exp(T )|0i
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exp(�T )
@H

@x
exp(T )|0i. (47)

In Eq. (47), derivatives of the Lagrangian multipliers appear (at a first sight con-
trary to the (2n + 2) rule), but one should realize that derivative amplitudes in
Eq. (47) are only needed for one of the two perturbations, namely y. If the two
perturbations belong to di↵erent classes, this might be of advantage, as the to-
tal number of equations that need to be solved can be lower when using Eq. (47)
instead of Eq. (45). The most prominent example is the computation of NMR
shielding constants, where with the second, so-called asymmetric expression, only
6 perturbed equations for all components of the magnetic field need to be solved,
while use of the symmetric expression (Eq. (45)) requires solution of a total of
(3Natoms + 3) equations.

This example shows that di↵erent expressions for a derivative are possible. It
depends on the circumstances, in particular on the property of interest, which of
the deduced expressions is preferred and computationally more e�cient.31

2.5 Advantages of analytic derivatives

Analytic derivatives are the preferred choice (if available for a quantum chemical
approach) for the following reasons:

14

• symmetric expression:

Skipping here the contributions from orbital relaxation
(2n+1) rule à first derivatives of t amplitudes
(2n+2) rule à no derivative of 𝜆 amplitudes 
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Expression for CC second derivatives

•asymmetric expression: 
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and ignore the MO coe�cient contributions. A corresponding complete discussion
can be found in the literature30,31.

Di↵erentiation of Eq. (37) with respect to x and y yields31

d
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dxdy
= h0|(1 + ⇤) exp(�T )

@
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@x@y
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+h0|(1 + ⇤)[exp(�T )
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@x
exp(T ),
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]|0i+

+h0|(1 + ⇤)[exp(�T )
@H

@y
exp(T ),

dT

dx
]|0i+

+h0|(1 + ⇤)[[exp(�T )H exp(T ),
dT

dx
],

dT

dy
]|0i. (45)

As stated by the (2n+1) and (2n+2) rules, the expression given in Eq. (45) contains
only first derivatives of the cluster operator (and thus of the CC amplitudes) and
no derivative contribution of the ⇤ operator. The required perturbed amplitudes
are determined by solving the first-order CC equations obtained by di↵erentiating
the corresponding unperturbed equations given in Eq. (36) with respect to x or y:

h�p| exp(�T )
@H

@x
exp(T )|0i+ h�p|[exp(�T )H exp(T ),

@T

@x
]|0i = 0. (46)

For some cases, it might be advantageous to rearrange Eq. (45) and to use instead
the following expression31

d
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= h0|(1 + ⇤) exp(�T )

@
2
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@x@y
exp(T )|0i

+h0|(1 + ⇤)[exp(�T )
@H

@x
exp(T ),

dT

dy
]|0i +

+h0|d⇤
dy

exp(�T )
@H

@x
exp(T )|0i. (47)

In Eq. (47), derivatives of the Lagrangian multipliers appear (at a first sight con-
trary to the (2n + 2) rule), but one should realize that derivative amplitudes in
Eq. (47) are only needed for one of the two perturbations, namely y. If the two
perturbations belong to di↵erent classes, this might be of advantage, as the to-
tal number of equations that need to be solved can be lower when using Eq. (47)
instead of Eq. (45). The most prominent example is the computation of NMR
shielding constants, where with the second, so-called asymmetric expression, only
6 perturbed equations for all components of the magnetic field need to be solved,
while use of the symmetric expression (Eq. (45)) requires solution of a total of
(3Natoms + 3) equations.

This example shows that di↵erent expressions for a derivative are possible. It
depends on the circumstances, in particular on the property of interest, which of
the deduced expressions is preferred and computationally more e�cient.31

2.5 Advantages of analytic derivatives

Analytic derivatives are the preferred choice (if available for a quantum chemical
approach) for the following reasons:

14

Skipping here the contributions from orbital relaxation
full differentiation of the gradient expression :

à perturbed CC equations wrt x
à perturbed 𝜆 equations wrt y
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Harmonic constants 𝜔e of BH, CO, N2, HF, F2 
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Geometrical Properties Harmonic and anharmonic constants

Harmonic Constants !e of BH, CO, N2, HF, and F2 (cm�1)

-250 250

SCF
cc-pCVDZ 269

-250 250 -250 250

SCF
cc-pCVTZ 288

-250 250 -250 250

SCF
cc-pCVQZ 287

-250 250 -250 250

SCF
cc-pCV5Z 287

-250 250

-250 250

MP2
cc-pCVDZ 68

-250 250 -250 250

MP2
cc-pCVTZ 81

-250 250 -250 250

MP2
cc-pCVQZ 73

-250 250 -250 250

MP2
cc-pCV5Z 71

-250 250

-250 250

CCSD
cc-pCVDZ 34

-250 250 -250 250

CCSD
cc-pCVTZ 64

-250 250 -250 250

CCSD
cc-pCVQZ 71

-250 250 -250 250

CCSD
cc-pCV5Z 72

-250 250

-250 250

CCSD(T)
cc-pCVDZ 42

-250 250 -250 250

CCSD(T)
cc-pCVTZ 14

-250 250 -250 250

CCSD(T)
cc-pCVQZ 9

-250 250 -250 250

CCSD(T)
cc-pCV5Z 10

-250 250

Trygve Helgaker (University of Oslo) Time-independent molecular properties ESQC 2019 48 / 51

in cm-1

from T. Helgaker lecture notes on derivatives



Summary

•Properties as derivatives
•Numerical vs. analytical derivatives
•Lagrangian techniques for constrained variation and 

non-variational wave functions
• Avoid calculation of response of wave function parameters if 

possible
•Expressions for gradients and second derivatives
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Part 2
Magnetic properties

and molecules in magnetic fields 
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Contents

•Introduction into electromagnetic fields
•Derivation of Hamiltonian with electromagnetic 
fields
•Magnetizabilities
•Gauge-origin dependence in quantum-chemical 
calculations
•Further magnetic properties 
•Strong magnetic fields
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•Particles can be charged
•Charged particles interact

•Charge generates electric field
•Second charge interacts with electric field (feels force in 

the electric field generated by z1)

Fields, Forces, and Potentials

Coulomb force
(SI units) FCoul =

1

4⇡"0

z1z2
r3

r
<latexit sha1_base64="hHcr/qCmjEM+1VuM9d8jbJIfSPg="></latexit>

E =
F

z2
=

1

4⇡"0

z1
r3

r
<latexit sha1_base64="yMLc7f5MEA4I5PNPSnWP8FlaW+I="></latexit>

charges z1 and z2

vacuum permittivity
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A quick reminder...
r =

0

@
@
@x
@
@y
@
@z

1

A
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0
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@f
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@f
@y
@f
@z
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rA =
@Ax

@x
+

@Ay

@y
+

@Az

@z
<latexit sha1_base64="HSKwjfxTTTTKy6zDfSLzeaeBvPU="></latexit>

Nabla-operator (vector)

Gradient (on scalar) à vector

Divergence (on vector) à scalar

Curl r⇥A =

0

B@

@Az
@y � @Ay

@z
@Ax
@z � @Az

@x
@Ay

@x � @Ax
@y

1

CA

<latexit sha1_base64="jo3K7TE56iBVs1T2jZjf97Q0PLo="></latexit>

r⇥rf = 0
<latexit sha1_base64="xRiEVjpx+uqqRTvJntgaQ80bFKA="></latexit>

Curl of gradient

Divergence of curl r · (r⇥A) = 0
<latexit sha1_base64="9nVEGxdZAR1OyP4QwFDsz2iC3Pg="></latexit>
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E
<latexit sha1_base64="OGMCx1ZdeFj5/hIb/xjiiN2QLhM="></latexit>

E =
1

4⇡"0

z1
r3

r
<latexit sha1_base64="3nVJVSrahCQiea7xctorzcZ9m7o="></latexit>

electric field

F
<latexit sha1_base64="c5LqxvXKLXFwEhC//LIqUNXnRi4="></latexit>

F =
1

4⇡"0

z1z2
r3

r
<latexit sha1_base64="RSMHBeI6SVRrkS76UjSJenp7MGc="></latexit>

Coulomb force

Fields, Forces, and Potentials

•Coulomb force is conservative! 
•Electrostatic potential generates the electric field 

F = �rV
<latexit sha1_base64="/wS307oU+R6PNqLod3A9v+0zlc0="></latexit>

V
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V =
1

4⇡"0

z1z2
r
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Coulomb potential

� =
1

4⇡"0

z1
r

<latexit sha1_base64="H1Gjk7uPnPyKVQiO6Dcep9GJCpA="></latexit>

�
<latexit sha1_base64="vG2X290HZYn8V1s13tQtK9Tnrnc="></latexit>

Electrostatic potential

E =
F

z2
<latexit sha1_base64="fRZy67ZHSwO/8CpKUz1gHZ3y4x0="></latexit>

�r�
<latexit sha1_base64="oPxpbloc9i+rDfidVMguiyipluQ="></latexit>�rV
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�(r) =
1

4⇡"0

Z
d3r0

⇢(r0)

|r � r0|
<latexit sha1_base64="JzWQirjwDGAaiA9uC3PR1uv6vKk="></latexit>

For charge 
distribution ⇢(r)

<latexit sha1_base64="0bNSsCw0PwLqTsuKItLGurqO7ag="></latexit>
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Fields, Forces, and Potentials

•Fields are associated with forces
• In quantum-mechanics we work with potentials rather 

than forces (see Hamiltonian…) 
•For conservative forces, the potential is related to the 

force simply via 

à Easy to work with potentials 

89
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Moving charges and magnetic fields

•A moving charge furthermore experiences a Lorentz-
force 

•Additional non-conservative force!
•Forces on matter through E and B
à Coulomb- and Lorentz forces

magnetic fieldforce is dependent on velocity! deflection perpendicular to B

FLorentz = z(v ⇥B)
<latexit sha1_base64="tfkwhm35YkBsexbWtPqpPediOSo="></latexit>

F tot = z(E + v ⇥B)
<latexit sha1_base64="CF2q1iPfO6jkXvx4DZzLLVZwlkQ="></latexit>

often referred 
to as Lorentz 
force

Straightforward to be used within Newton‘s formulation of classical mechanics!

electric part magnetic part
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Moving charges and magnetic fields

• In the case of a non-conservative force, the relationship 
with the potential is not as simple…

•How can we then get access to the potentials? 

91
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Maxwell Equations

• Maxwell equations provide basis for electrodynamics
connect 𝑬 and 𝑩 as well as charge density ρ and current 𝒋

charges create electric field no magnetic monopoles

time-dependent magnetic field
generates electric field

currents generate
magnetic field

Lorentz invariant

rB = 0
<latexit sha1_base64="rq4CgA8e1phBRx/ufbYNpEpeIQA="></latexit>

r⇥B = �µ0j +
1

c2
@E
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rE =
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r⇥ E = �@B

@t
<latexit sha1_base64="XRjhScSU0PljFBouw0ew4H18Vco="></latexit>
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B = r⇥A
<latexit sha1_base64="DlBTJHQWoYTL3eGq0BwT1Ohs/k4="></latexit>

• Lorentz force not conservative à cannot be traced back to a 
simple scalar potential!
• Limiting cases:

• E≠0, B=0 
• B≠0, E=0    

Potentials of electromagnetic fields

E = �r�
<latexit sha1_base64="2ZxscTgsqAP7PAPMcVYVU+JmMrQ="></latexit>

(fulfills 2.MEQ:                  )rB = 0
<latexit sha1_base64="rq4CgA8e1phBRx/ufbYNpEpeIQA="></latexit>
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A is the so-called vector potential which is 
associated with the magnetic field. We 
define it such that it gives back B



• Lorentz force not conservative à cannot be traced back to a 
simple scalar potential!
• Limiting cases:

• E≠0, B=0 
• B≠0, E=0    
• E≠0, B≠0    using 3. MEQ:

Potentials of electromagnetic fields

E = �r�
<latexit sha1_base64="2ZxscTgsqAP7PAPMcVYVU+JmMrQ="></latexit>

B = r⇥A
<latexit sha1_base64="DlBTJHQWoYTL3eGq0BwT1Ohs/k4="></latexit>
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r⇥ E = r⇥
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�@A
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◆
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r⇥ E = � @
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(r⇥A)

<latexit sha1_base64="WOGHU3w5VrMPmDXZx3yFni3YXaQ="></latexit>

can be added since

hence no impact 
on 3. MEQ

r⇥rf = 0
<latexit sha1_base64="wiof5NhuTdZmA9CTjWa2IptBhsA="></latexit>

E = �r�� @A

@t
<latexit sha1_base64="R5KVAZckK23eRnml8s47YsNixY4="></latexit>

(fulfills 2.MEQ:                  )rB = 0
<latexit sha1_base64="rq4CgA8e1phBRx/ufbYNpEpeIQA="></latexit>
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+rf
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Potentials of electromagnetic fields

E,B
<latexit sha1_base64="rdpNOzns2kRE0NlGCu2XrYeaK40="></latexit>

�, A
<latexit sha1_base64="8Y4tp91AfSAaHH+p2peCpWdWwzw="></latexit>

E = �r�� @A

@t
<latexit sha1_base64="R5KVAZckK23eRnml8s47YsNixY4="></latexit>

B = r⇥A
<latexit sha1_base64="bfW6Tjd/8/lFDcXntHS1YZ0DB3I="></latexit>

unique!

NOT unique!

observables

not observable

2 x 3 = 6 components

1+3 = 4 components
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This means: Many choices of vector and electrostatic 
potential lead to same observable electric and magnetic 
fields!



Choice of gauge

• Different choices of A and ɸ can generate same E and B
• Case 1:

can add a constant to ɸ (because gradient is taken)
• Case 2: 

can add gradient of a scalar function to A
• General case:

E = �r�, B = 0
<latexit sha1_base64="ghgIOHy0qbl5h7ufNM8fZ5Gj3kk="></latexit>

E = 0, B = r⇥A
<latexit sha1_base64="Nnv8bBDKtZeSyTY8gnGa2fXMGPo="></latexit>

E = �r�� @A

@t
, B = r⇥A
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A0 = A+rf
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f
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no change in B: 
but change in E, compensate by

E(�, A) = E(�0, A0)
<latexit sha1_base64="T7r31Qa2l8PvHo+YZ4Z/MVUAf9c="></latexit>

B(A) = B(A0)
<latexit sha1_base64="clU5YvpS6Dquqtlgc8KA4K9Sg8E="></latexit>

B(A) = B(A0)
<latexit sha1_base64="clU5YvpS6Dquqtlgc8KA4K9Sg8E="></latexit>

Allowed 
trans-
formations choice of arbitrary scalar function 

f à choice of gauge!

electric and magnetic fields unchanged!
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Choice of gauge

Gauge transformations: �0 = �� @

@t
f

A0 = A+rf
<latexit sha1_base64="sOS+6B6/lwxS7VPYZIBE3R6YqC4="></latexit>

Using 𝚽‘ and A‘ instead of 𝚽
and A will describe the same 
fields E and B

Usually we require the vector 
potential to obey:

<latexit sha1_base64="s92csDXBsw6OeFvHL1EVg0MDrLg="></latexit>

rA = 0 „Coulomb gauge“ r2f = 0
<latexit sha1_base64="oIQfC8iFw/3LbE51TCb8VJyR60M="></latexit>

E,B
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B = r⇥A
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unique!

NOT unique!

observables

not observable
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Choice of gauge-origin

•Example: Static homogenous magnetic field 
(independent of time and position)

B = const.
<latexit sha1_base64="Wijd9CpEYPzgT4Y768dhgxQ8l3c="></latexit>
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2
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B = r⇥A
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•Example: B in z-direction

Choice of gauge-origin

<latexit sha1_base64="J7FrumcsNp5vIxARMVzJfexELtY="></latexit>
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Choice of gauge-origin

•Example: Static homogenous magnetic field 
(independent of time and position)

•Equivalent:

•Any choice of RO is valid as it yields the same magnetic 
field! 

B = const.
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Recipe to get the Hamiltonian for magnetic 
interactions

Newton formulation of classical mechanics 
(with Lorentz force, non-conservative!)

Lagrange formulation of classical mechanics

Hamilton formulation of classical mechanics

quantization

Hamiltonian with magnetic interactions

equivalent 
formulations!
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Lagrangian mechanics
q(t1)

q(t2)

generalized 
coordinates q Hamilton principle: (least action)  path minimizes 

action integral
S =

Z t2

t1

L(q, q̇, t)dt
<latexit sha1_base64="Ynz9GZKa7VvccUCmkiTv/AjIbO4="></latexit>

Q: Which path is taken for a particle 
moving from q(t1) ➝ q(t2)?

meaning �S = 0
<latexit sha1_base64="OGttgsdyTCWjhld4357pnkqPywY="></latexit>

Lagrange function L

variation

Euler-Lagrange equations                        
(Lagrange equations of motion)

d

dt
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Note: Treat     and     as independent variables.
Note: For conservative force: 

(does not hold for Lorentz force!)

q̇
<latexit sha1_base64="uWJyTB0NyeIADMirKKtdMvAJuJw="></latexit>

q
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L(q, q̇, t) = T (q, q̇, t)� V (q)
<latexit sha1_base64="qmy+A2XMcPMAViJr9xMcGomHRSM="></latexit>
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Hamilton mechanics

Definition of conjugated canonical momentum p =
@L

@q̇
<latexit sha1_base64="mZGikr296SIVdAt7zJ4Srnq1pVY="></latexit>

Hamilton function via Legendre transformation
<latexit sha1_base64="8cwQZfOhsUrPmd+1USI5k+D85pk="></latexit>

H(q, p, t) = pq̇ � L(q, q̇, t)

Hamilton eqs. of motion q̇ =
@H

@p
, ṗ = �@H

@q
<latexit sha1_base64="RrssgMx/aQNNyZ6bI/uBGNq9gBA="></latexit>

basis for quantization
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Equivalence of the 3 formulations of classical 
mechanics

Particle with coordinate x=q in 1-dim. potential V(x)

Newton Lagrange Hamilton
F = mẍ

�@V

@x
= mẍ

<latexit sha1_base64="RFvqWUn9/KjSCxjiYvb42B8qzXk="></latexit>

<latexit sha1_base64="d80yX0rxLtqEWkejKPkIVLX98e0="></latexit>

0 = �@V

@x
�mẍ

L = T � V
<latexit sha1_base64="PxhTPuvMIyRG9iAiDsBmTye72MM="></latexit>

L =
1

2
mẋ2 � V (x)

<latexit sha1_base64="oh+ESvX9aBVqtKh/pN2hEP1MjgA="></latexit>

d

dt

✓
@L

@ẋ

◆
�

✓
@L

@x

◆
= 0

<latexit sha1_base64="IlB3pq2mfmGeCzOVkDvUR/REsxI="></latexit>

<latexit sha1_base64="d80yX0rxLtqEWkejKPkIVLX98e0="></latexit>

0 = �@V

@x
�mẍ

<latexit sha1_base64="q7rR3vzwv87BMH+MSsGbzo+VwmQ="></ latexit>

H(q, p) = pq̇ � L

p =
@L

@q̇
= mẋ

<latexit sha1_base64="xGNUyJq47hssQY6W61K+n9Gf4eI="></latexit>

<latexit sha1_base64="/fZTM+TbikGmbBpQ4C9iBAQpCrE="></latexit>

= mẋ2 � mẋ2

2
+ V (x)

=
p2

2m
+ V (x)

<latexit sha1_base64="R6je0NCMqm6f+zByqUcBfv9CPm0="></latexit>

ṗ = �@H

@q
= �@V

@x
<latexit sha1_base64="NDGkx5NvOyXHzA3SD6O38Km0QaM="></latexit>

<latexit sha1_base64="7m5TmByAHVJGHIma5oIpnALeJ7o="></latexit>

mẍ
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<latexit sha1_base64="nh+qMPTuGkNGGR/IPF73i3RZQUY="></latexit>

@V (x)

@x

<latexit sha1_base64="7m5TmByAHVJGHIma5oIpnALeJ7o="></latexit>

mẍ
<latexit sha1_base64="A4x0E/M7Q057l9YUSJUXBj+X7kc="></latexit>

0 =

<latexit sha1_base64="d80yX0rxLtqEWkejKPkIVLX98e0="></latexit>

0 = �@V

@x
�mẍ

<latexit sha1_base64="d80yX0rxLtqEWkejKPkIVLX98e0="></latexit>

0 = �@V

@x
�mẍ



Lagrangian in an electromagnetic field
Task: Set up Hamilton function! Needs Lagrange function L 

à Not known for non-conservative force!
à But Newtonian eqs. of motion known!

Set up L in terms of 𝚽 and A such that resulting Lagrange eqs. of 
motion are equivalent 

F tot = z(E + v ⇥B)
<latexit sha1_base64="CF2q1iPfO6jkXvx4DZzLLVZwlkQ="></latexit>

mr̈ = z

✓
�r�� @A

@t

◆
+ zv ⇥ (r⇥A))

<latexit sha1_base64="yd/jJuc5WLeJjggrw5uZoRjimDE="></latexit>

L =
mv2

2
� z�+ zv ·A

<latexit sha1_base64="RnwKCbw7a5xROJE/FDmqm4DKB/Q="></latexit>

Lorentz force

Newton‘s equation with Lorentz force and potentials 

Lagrange function that leads to Newton‘s equation
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Hamiltonian in an electromagnetic field

Define conj. canonical momentum: p =
@L

@q̇
= mv + zA

<latexit sha1_base64="ErVsAUYBvCy1W+vEHiw91WT9PE8="></latexit>

no longer just mv!

L =
mv2

2
� z�+ zv ·A

<latexit sha1_base64="RnwKCbw7a5xROJE/FDmqm4DKB/Q="></latexit>

H(q, p, t) = pq̇ � L
<latexit sha1_base64="ynZuHG0kmeJm2ZMIpYmm0+bLrt4="></latexit>

Legendre trafo to get Hamilton function
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<latexit sha1_base64="KAj6KqLeFs51C+5VbFZTtxtpbNc="></latexit>

= (mv + zA)v � mv2

2
+ z�� zv A

<latexit sha1_base64="+xxZUNVY/yeu79uo2MiajXzzApc="></latexit>

=
mv2

2
+ z� No dependence on A

Express using canonical momentum
<latexit sha1_base64="zllsBXipQxlUWRKmmQ5nhJ7Wa+4="></latexit>

=
(p� zA)2

2m
+ z� Basis for quantization!



For electrons: z=-e, in atomic units: z=-1, m=me=1.  Quantize!

Hamiltonian in an electromagnetic field

H =
(p� zA)2

2m
+ z�

<latexit sha1_base64="WdQE0ZS25ArfYh8TFrWq4Jsz3hM="></latexit>

Ĥ =
(p̂+A)2

2
� �

<latexit sha1_base64="zAnQ9SCBnJGYhrzgFRC5Tx8m2Hs="></latexit>

p̂ = �ir
<latexit sha1_base64="vkXy6HIpSqIEzkWjHo3sMAVC43M="></latexit>

Non-relativistic Hamiltonian for electron in electromagnetic field!
110

kinetic momentum

<latexit sha1_base64="grD4SrYEdMxKItlcp6CoTCC9DCs="></latexit>

⇡̂ = p̂+A
<latexit sha1_base64="l9sN/HeKQNECNF+4if9hS/wdMVI="></latexit>

=
⇡̂2

2
� �

Comment: no 
quantization of fields 
here



Spin contribution in electromagnetic field
• Schrödinger equation does not contain spin
• Ad-hoc introduction of spin by Pauli (1927)
vector of the Pauli spin 
matrices (2x2) � =

0

@
�x

�y

�z

1

A , �i = 2ŝi

<latexit sha1_base64="zq7m2qwAkN5Nd5HQeqW+e1W6u2s="></latexit>

�x =

✓
0 1
1 0

◆
,�y =

✓
0 �i
i 0

◆
,�z =

✓
1 0
0 �1

◆

<latexit sha1_base64="4niLrKURfd/wF503XmoCq3bw4k8="></latexit>

<latexit sha1_base64="7r21wSKSpd4u2G7YYu/EaSG1tIk="></latexit>

(�⇡̂)2 = ⇡̂2 + i�(⇡̂ ⇥ ⇡̂)

0 0

<latexit sha1_base64="fzebmTz2XysIj7zCx/EfDIEcRNY="></latexit>

= ⇡̂2 + � (r⇥A)| {z }
B

<latexit sha1_base64="QQux9Zo9FoNY0IjvMmsJbc+DiQs="></latexit>

Ĥ =
(�⇡̂)2

2
� �

Dirac identity

p̂ = �ir
<latexit sha1_base64="FF2wu7glNc1CfL5os40ju6x1+AA="></latexit>

<latexit sha1_base64="xMuAyjZqgbSQyGOkR7+egTSHu8s="></latexit>

� = 2ŝ

<latexit sha1_base64="eAZ5vRrwXG/z3m/n5TSs1Mfb2Qg="></latexit>

Ĥ =
⇡̂
2

2
+Bŝ� �
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<latexit sha1_base64="hKBfJ4KReW0H+3cLxBEpHwvyNBY="></latexit>

p̂⇥Af = (p̂⇥A)f �A⇥ p̂f

<latexit sha1_base64="r/RcqR26Gy27Z/PQ2OcfUS0YKJc="></latexit>

= ⇡̂2 + i�(p̂⇥ p̂+A⇥A+ p̂⇥A+A⇥ p̂)



• same result is obtained when taking non-relativistic limit (c➝∞) 
of the (modified) Dirac equation  
à arguments whether or not spin is a relativistic effect 
à see Trond’s lectures (we agree that spin-orbit coupling is a 

relativistic effect 🙂)

• Note: magnetic field defines spin-quantization axis. Spin parallel 
or antiparallel wrt field (⍺ & β). 

� =

0

@
�x

�y

�z

1

A , �i = 2ŝi

<latexit sha1_base64="zq7m2qwAkN5Nd5HQeqW+e1W6u2s="></latexit>

Spin contribution in electromagnetic field

H =
(�⇡)2

2
� �

<latexit sha1_base64="msPzqQF5Xd8gXO3T65cxZvLcpOg="></latexit>

H =
⇡
2

2
+Bŝ� �

<latexit sha1_base64="2JQEIBYGChzaTNLLj3qExmR0ngw="></latexit>
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• Expanding 

Hamiltonian in electromagnetic field

p̂ = �ir
<latexit sha1_base64="vkXy6HIpSqIEzkWjHo3sMAVC43M="></latexit>

<latexit sha1_base64="ecp9RfvdvzurrK28tcs0YCWZ1uQ="></latexit>

p̂2

2
! ⇡̂2

2
� � ! ⇡̂2

2
+B ŝ� �

electromagn. fieldfield-free consideration of spin
<latexit sha1_base64="2GLct8NFQThz2FT+XVVAcM7gx4s="></latexit>

⇡̂ = p̂+A
<latexit sha1_base64="625cS5gzlrcyUaq4sdxU8OsMB9A="></latexit>

⇡̂2
<latexit sha1_base64="1DnGgES9eAL2Y8SrBc60HAM1ZUQ="></latexit>

⇡̂2 = (p̂+A)2

= p̂2 +A2 + p̂A+Ap̂

114

be aware that the momentum operator does in general  not 
commute with the vector potential!



• Expanding 

Hamiltonian in electromagnetic field

p̂ = �ir
<latexit sha1_base64="vkXy6HIpSqIEzkWjHo3sMAVC43M="></latexit>

<latexit sha1_base64="ecp9RfvdvzurrK28tcs0YCWZ1uQ="></latexit>

p̂2

2
! ⇡̂2

2
� � ! ⇡̂2

2
+B ŝ� �

electromagn. fieldfield-free consideration of spin
<latexit sha1_base64="2GLct8NFQThz2FT+XVVAcM7gx4s="></latexit>

⇡̂ = p̂+A
<latexit sha1_base64="625cS5gzlrcyUaq4sdxU8OsMB9A="></latexit>

⇡̂2
<latexit sha1_base64="1DnGgES9eAL2Y8SrBc60HAM1ZUQ="></latexit>

⇡̂2 = (p̂+A)2

= p̂2 +A2 + p̂A+Ap̂
Coulomb gauge!

<latexit sha1_base64="sKceKU/riIYKqcdZnmips13G4tM="></latexit>

Ĥ =
1

2
p̂
2 +Ap̂+Bŝ+

1

2
A

2 � �

<latexit sha1_base64="wEsk2wlJqmJsjW9DVyuIUUCeUOs="></latexit>

rA = 0
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<latexit sha1_base64="mpy6jcWtAPzv+m2E1p/9oGo5lY8="></latexit>

p̂Af = (p̂A)f +Ap̂f
<latexit sha1_base64="AwZdQYiYZxVB3stHsgTQV+FuTAU="></latexit>

= p̂2 +A2 + 2Ap̂



Hamiltonian
• Goal: Derive molecular Hamiltonian in electromagnetic field
• So far: Hamiltonian for 1 electron via use of the equivalence of 

Newtonian and Lagrange eqs. of motion:
• Find L such that Lagrange eqs. of motion yield

• Determine p and set up Hamilton function H
• Quantize

• Consideration of spin and using Coulomb gauge  

F tot = z(E + v ⇥B)
<latexit sha1_base64="CF2q1iPfO6jkXvx4DZzLLVZwlkQ="></latexit>

mr̈ = z

✓
�r�� @A

@t

◆
+ zv ⇥ (r⇥A))

<latexit sha1_base64="yd/jJuc5WLeJjggrw5uZoRjimDE="></latexit>

Ĥ =
(p̂+A)2

2
� �

<latexit sha1_base64="zAnQ9SCBnJGYhrzgFRC5Tx8m2Hs="></latexit>

Ĥ =
1

2
p̂
2 +Ap̂+Bŝ+

1

2
A

2 � �
<latexit sha1_base64="QV0YHjUFMYmiFpHqTwkDUklHmEE="></latexit>
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So far: 
• 1 Electron in electromagnetic field

Now: Molecular Hamiltonian! (adding instantaneous 
Coulomb interaction, summing over all electrons)

Molecular Hamiltonian in electromagnetic 
field

Ĥ =
1

2
p̂
2 +Ap̂+Bŝ+

1

2
A

2 � �
<latexit sha1_base64="QV0YHjUFMYmiFpHqTwkDUklHmEE="></latexit>

<latexit sha1_base64="SJx8ic/MrfQDSU+8/Z5pF0fEMZw="></latexit>

Ĥ =
X

↵

1

2
p̂
2
↵ �

X

K↵

ZK

r↵K
+

X

↵<�

1

r↵�

+
X

↵

A↵p̂↵ +
X

↵

B↵ŝ↵ �
X

↵

�↵

+
1

2

X

↵

A
2
↵

Zeroth-order Hamiltonian 
(non-relativistic)

First-order Hamiltonian

Second-order Hamiltonian
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• 1 atomic unit for B, B0, corresponds to 235000 Tesla!
• 1 B0 is very large in comparison to any field we would typically 

apply 
• due to the “smallness” of typical magnet fields on Earth, 

perturbative treatment often sufficient

Magnetic perturbations
<latexit sha1_base64="S68dE6VjLOT326ZK/P3G1KrYPrg="></latexit>

Ĥ = Ĥ0 +
X

↵

A↵p̂↵ +
X

↵

B↵ŝ↵ �
X

↵

�↵ +
1

2

X

↵

A
2
↵

Orbital Zeeman
paramagnetic

Spin Zeeman
paramagnetic

diamagnetic
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Magnetic perturbations

• For quantum chemistry with magnetic fields, we are typically 
interested in: 
• Uniform external magnetic field, with vector potential

• Nuclear magnetic moments MK with vector potential 

• Combination: NMR

à Zeeman interactions

<latexit sha1_base64="zITMShwWD/VtwqD2RUnh4N42Ja4="></latexit>

Anuc =
X

K

AK =
X

K

↵2MK ⇥ rK
r3K à Hyperfine interactions

⍺≈1/137 fine structure constant

Or r-RO à AO<latexit sha1_base64="PGYaks7zkiSEuoDIAV1XCodjoZs="></latexit>

Aext =
1

2
Bext ⇥ r
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Hamiltonian for static uniform magnetic field

Electronic Hamiltonian in static homogeneous magnetic field (in a.u.)

<latexit sha1_base64="PaQTgoQOE6ddLuDQqWUQveS/ghA="></latexit>

B = const

<latexit sha1_base64="7vjuhAoLVPh3jacfNgpRNS5hY0Q="></latexit>

A
O
(r) =

1

2
(B ⇥ r

O
)

<latexit sha1_base64="yGg4FWSDIwGWfJh4pEaQm/35RBU="></latexit>

B = r⇥A

Ĥ =
1

2
p̂
2 +Ap̂+Bŝ+

1

2
A

2 � �
<latexit sha1_base64="QV0YHjUFMYmiFpHqTwkDUklHmEE="></latexit>

Rewrite terms with vector potential A in terms of B

<latexit sha1_base64="UbM/xwjJUMAvl1Cml8r2CLLo4kg="></latexit>

rA
O
= 0

� = 0
<latexit sha1_base64="8+Szdag1sWQC/3vWgjx5MK7jofQ="></latexit>
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Hamiltonian in uniform magnetic field

122

<latexit sha1_base64="xvG1nbqJZ6HI0+UcLO58fmZ/TJI="></latexit>

A
O
p̂ =

1

2
(B ⇥ r

O
) · p̂

<latexit sha1_base64="rbVo5nrwZ16c2tq7AEU5ekMjibg="></latexit>

=
1

2
B · (r

O
⇥ p̂)

<latexit sha1_base64="YZjOUT22xI/RC1nFR4Ixg+Df3AU="></latexit>

=
1

2
B · l̂

O Angular momentum 
operator, dependent 
on gauge origin 

Ĥ =
1

2
p̂
2 +Ap̂+Bŝ+

1

2
A

2 � �
<latexit sha1_base64="QV0YHjUFMYmiFpHqTwkDUklHmEE="></latexit>

<latexit sha1_base64="5brhLVFewLVWZpeZKMvQ2Q1mSFg="></latexit>
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2
A2

O
=

1

8
(B ⇥ r

O
)2

<latexit sha1_base64="Sl/IMtIfpENHxZcGhiEH3CY8Sjc="></latexit>

=
1

8
(B ⇥ r

O
)(B ⇥ r

O
) =

1

8
[B2 · r2

O
� (B r

O
)(B r

O
)]

<latexit sha1_base64="kNP2AeVumCpqy8qKNFhMzApIb/o="></latexit>

=
1

8
BT [r

O
· 1� r

O
rT
O
]B

Linear term (orbital Zeeman)

Quadratic term (diamagnetic)

<latexit sha1_base64="U885sm34lhh0dnHMeKl1f9Z3Q8g="></latexit>
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2
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1

2
Bl
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1
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O
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T
O
]B

It follows for the Hamiltonian



Hamiltonian in uniform magnetic field
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Ĥ =
1

2
p̂
2 +Ap̂+Bŝ+

1

2
A

2 � �
<latexit sha1_base64="QV0YHjUFMYmiFpHqTwkDUklHmEE="></latexit>

<latexit sha1_base64="MZyeE6QdAi18VrDJDFeOUDZkD1U="></latexit>
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]B

<latexit sha1_base64="5rFekGF6uR+FvrX/MWouGA8Tvuc="></latexit>
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B
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O
(↵)rT
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(↵)]B

Molecular Hamiltonian 

<latexit sha1_base64="rYrx3AK07H1gbgx6XIcELqRUMT0="></latexit>

Ĥ
(1)

<latexit sha1_base64="aJiZZ458c3/myfFxcaszjn0xpYk="></latexit>

Ĥ
(2)

Linear in B Quadratic in B



Paramagnetism

Angular momenta Lz and sz set up a magnetic moment

125

<latexit sha1_base64="IA17QfjuUvzLZeVgh6qhmdAs75I="></latexit>

mz = �1

2
Lz � sz

Magnetic moment interacts with magnetic field (dipolar 
interaction)

<latexit sha1_base64="bvFZkAxzsEQJztrnSkyO24MmrX8="></latexit>

�Bmz =
1

2
BLz +Bsz

Consider linear terms in the electronic Hamiltonian for molecule in 
a homogeneous magnetic field in z-direction (in a.u.)

Ĥ = Ĥ0 +
1

2
BL̂z +BŜz +

1

8

NX

i

B
2
�
x
2
i + y

2
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Paramagnetism

Reduction of symmetry and splitting of energy levels

Energy can be raised or lowered depending on the orientation 

126

Consequences: 

P+1

P+1

P-1

P0

P0

P-1

ms= ½  : ⍺-spin    

ms= - ½ : β-spin  
1 Notes on Symmetry

The p+1 and p�1 orbitals are given as

p+1 = � 1p
2
(px + ipy), p�1 =

1p
2
(px � ipy). (1)

As vector, in terms of components of (x, y, z), we would write the p+1 orbital as

p+1 =
�1p
2

0

@
px
ipy
0

1

A (2)

In the London-output, what is calculated are matrix-elements wrt. symmetry operations
(This is also why it matters where the molecule is located in space). The identity
operation Ê is simply a 3x3 identity matrix, such that the matrix element hp+1 | Ê | p+1i
is simply the overlap

hp+1 | p+1i =
✓
� 1p

2

◆2

(hpx | pxi+ hipy | ipyi) (3)

=
1

2
(hpx | pxi � i2hpy | pyi) = 1. (4)

Note that hipy |= �ihpy |. Let’s take the rotation as an example. A general rotation
(x1, y1) ! (x2, y2) with rotation angle ↵ is given by

✓
x2
x1

◆
=

✓
cos↵ � sin↵
sin↵ cos↵

◆
. (5)

In 3D, the rotation matrices for rotation around ↵ wrt. x, y, z are then

R̂x =

0

@
1 0 0
0 cos↵ � sin↵
0 sin↵ cos↵

1

A ; R̂y =

0

@
cos↵ 0 sin↵
0 1 0

� sin↵ 0 cos↵

1

A ; R̂z =

0

@
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

1

A .

(6)

For a rotation with an angle of 180�, i.e., ⇡, these simplify to

R̂x =

0

@
1 0 0
0 �1 0
0 0 �1

1

A ; R̂y =

0

@
�1 0 0
0 1 0
0 0 �1

1

A ; R̂z =

0

@
�1 0 0
0 �1 0
0 0 1

1

A . (7)

Therefore, for example for the p+1 orbital and rotation around x with 180�:

hp+1 | R̂⇡
x | p+1i =

✓
� 1p

2

◆2

(hpx | pxi � hipy | ipyi =
1

2
(1� 1) = 0. (8)

1

Orbital Zeeman Spin  Zeeman 



Note:

Orbital Zeeman: 
• Trivial (WF is eigenfunction) for atoms and linear molecules 

when field is parallel
• Non-trivial, i.e., needs quantum-chemical calculation for 

general molecules 

Spin Zeeman:
• Always trivial, WF is eigenfunction to  

Paramagnetism
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<latexit sha1_base64="MsFbt7vd33oev9N3aUACoUAaIOY="></latexit>
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h | L̂z |  iB

<latexit sha1_base64="G2WyQlcSxCGs8AYhe/lnUdKeGIc="></latexit>
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Perturbation theory
•Consider here closed-shell cases (no spin-Zeeman 

contribution)
•First-order perturbation theory:

•m is zero for most molecules
•atoms: this interaction is responsible for the normal 

Zeeman effect 128

<latexit sha1_base64="vJDv/Z6MTojEr6eWiYbudrynJbY="></latexit>

h (0) | 1
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•Most molecules can be described by a real wave 
function
à

•But: 

à

Perturbation theory
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à No permanent magnetic moment due to Orbital-Zeeman 
(But due to spin for open-shell cases)

àNo contribution from perturbation theory in first order
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Take-Home messages from lecture 2

•For non-conservative forces, we cannot get the 
potential simply from
•Hamiltonian that involves electromagnetic-field 

interactions from Lorentz force à Newtonian 
mechanics à Lagrange à Hamilton à quantize 
•Ad-hoc: spin à leads to spin-Zeeman contribution
•Observable: fields (E & B), not observable (A & 𝚽), 

gauge transformations allowed 
•Static magnetic field: Free choice of gauge origin 
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•Second-order PT

Perturbation theory

132

diamagnetic contribution

<latexit sha1_base64="bGiK4o7TP2+5x6+AeO27BvvdhgE="></latexit>

E
(2) = h (0) | Ĥ(2) |  (0)i+
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Via derivative theory: expansion in B, compare to Taylor 
(see lecture 1)
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Quantum-chemical calculation of 
magnetizabilities

•Component in the magnetizability tensor

•Needed:

•Matrix elements:

•Numerical differentiation for magnetic properties requires 
determination of complex wave function parameters à
non-standard in most q.c. codes

135

complex

<latexit sha1_base64="8Ngvy8KE0Z932kcKgLumTqpW4Ck="></latexit>

⇣ij =
@2E

@Bi@Bj

����
B=0

<latexit sha1_base64="7jxk/eM9OgfYB/ES6qjo54c0GZA="></latexit>

@Ĥ
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ĥ ! ĥ+
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Quantum-chemical calculation of 
magnetizabilities
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Do the basis functions depend on the magnetic field?
No…
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Quantum-chemical calculation of 
magnetizabilities

138

•CPHF equations for B (again, no 2el terms):

•Overall, easy enough, no?? 
Did we miss something??
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Quantum-chemical calculation of 
magnetizabilities

•Magnetizabilities of Argon, HF, aug-pVDZ

•Changes in gauge origin à very large changes in 
magnetizability values
•Quantum-chemical calculations of magnetizabilities in 

finite basis are not gauge-origin independent!
•Gauge origin can be chosen randomly!
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Quantum-chemical calculation of 
magnetizabilities

•Magnetizabilities of CO, HF, basis-set convergence, 
gauge origin in center of mass
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Quantum-chemical calculation of 
magnetizabilities

•Reason for the bad convergence of the paramagnetic 
term? (see also exercise)
•Consider H atom with magnetic field along z
•Chose RO = 0: 
• diamagnetic contribution
• paramagnetic contrib.

•Chose RO ≠ 0: 
• diamagnetic contribution
• paramagnetic contrib.
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Quantum-chemical calculation of 
magnetizabilities

Problem: momentum operator 
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à problem for incomplete basis
à “bad” results for paramagnetic contribution
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Quantum-chemical calculation of 
magnetizabilities

Conclusions: 

Atoms: natural gauge origin in the center
Molecules: no natural gauge origin
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Gauge transformation of the wave function

• Allowed gauge trafos (lead to same fields E, B)
• A general gauge trafo given by a unitary trafo

• For the Schrödinger equation to still be satisfied, i.e., 

the wave function compensates by phase oscillation
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Gauge transformation of the wave function

such that observables do not change

• Example: electron density 

• Same properties for any choice of gauge related by allowed 
gauge trafos à gauge invariance
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h trans | Ôtrans |  transi = h orig | Ôorig |  origi
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Gauge-origin transformation
• For static uniform magnetic field (using Coulomb gauge)

• Already discussed: any choice of RO valid.
• Change of gauge-origin from the original one to the transformed 

one is related by gauge transformation 

<latexit sha1_base64="HIEg67ycyRrsAip+950DVNg1yJA="></latexit>

B = const.

<latexit sha1_base64="hzWd4aBZov1LJnRKyV4hnFbSEGc="></latexit>

A
O
=

1

2
(B ⇥ (r �R

O
))

<latexit sha1_base64="fYK3KKeByAf+07S/gQm2ikbQzUc="></latexit>

B = r⇥A

contains arbitrary 
gauge-origin RO

146

<latexit sha1_base64="v1/5CIAhrF6usU0zRqFyYLtdpQg="></latexit>

Atrans(r) = Aorig(r)�Aorig(Rtrans)
<latexit sha1_base64="6L/ZgUeX9e2dF6jsHlMhGkCZVgo="></latexit>

= Aorig(r) +rf
<latexit sha1_base64="twnX3v8+YyOr66xjxdSqnHO7Z64="></latexit>

f(r) = �Aorig(Rtrans) · rwith

�0 = �� @

@t
f

A0 = A+rf
<latexit sha1_base64="sOS+6B6/lwxS7VPYZIBE3R6YqC4="></latexit>

Hence indeed

see exercise



Gauge-origin transformation
For a change from RO=Rorig to Rtrans the exact wave function 
transforms as

inducing phase oscillations and ensuring that observables do not  
change                      

à ensures gauge-origin independence
àNot necessarily true for approximate wave functions!
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Gauge-origin transformation

FCI Wave function of H2 on z axis in a magnetic field of B=0.2 B0 
perpendicular to the bond

London Orbitals Gauge-Origin Transformations

Gauge-Origin Transformations

I Di↵erent choices of gauge origin in the external vector potential

AO (r) = 1
2B ⇥ (r � O)

are related by gauge transformations:

AG (r) = AO (r) � AO (G) = AO (r) + rf , f (r) = �AO (G) · r

I The exact wave function transforms accordingly and gives gauge-invariant results:

 exact
G = exp [�if (r)] exact

O = exp [iAO (G) · r] exact
O (rapid) oscillations

I Illustration: H2 on the z axis in a magnetic field B = 0.2 a.u. in the y direction

I wave function with gauge origin at O = (0, 0, 0) (left) and G = (100, 0, 0) (right)

London orbitals: do we need them?

Example: H2 molecule, on the x-axis, in the field B = 1
10 ẑ.

A = 1
20 ẑ � r �� A� = A + �(�A(G) · r)

� = RHF/aug-cc-pVQZ �� �� = e�iA(G)·r�
(10)

Gauge-origin moved from 0 to G = 100ŷ.
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Observable quantity |Ψ|2 same in both cases!

London Orbitals Gauge-Origin Transformations

Gauge-Origin Transformations

I Di↵erent choices of gauge origin in the external vector potential

AO (r) = 1
2B ⇥ (r � O)

are related by gauge transformations:

AG (r) = AO (r) � AO (G) = AO (r) + rf , f (r) = �AO (G) · r

I The exact wave function transforms accordingly and gives gauge-invariant results:

 exact
G = exp [�if (r)] exact

O = exp [iAO (G) · r] exact
O (rapid) oscillations

I Illustration: H2 on the z axis in a magnetic field B = 0.2 a.u. in the y direction

I wave function with gauge origin at O = (0, 0, 0) (left) and G = (100, 0, 0) (right)

London orbitals: do we need them?

Example: H2 molecule, on the x-axis, in the field B = 1
10 ẑ.

A = 1
20 ẑ � r �� A� = A + �(�A(G) · r)

� = RHF/aug-cc-pVQZ �� �� = e�iA(G)·r�
(10)

Gauge-origin moved from 0 to G = 100ŷ.
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Distinctions 

•Gauge invariance
General 

•Gauge-origin independence 
within the specific case of static uniform field

•To be distinguished
gauge-origin independence 

= gauge-origin invariance   
≠ gauge invariance! 
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Gauge-origin dependence

•Hamiltonian depends on gauge origin
•Physical properties should not depend on choice of 

gauge origin
à ensured by according trafo of wave function
•Problem: approximate wave function does not 

reproduce phase oscillation seen before 
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Gauge-Including Atomic Orbitals

gauge-including atomic orbitals 
(GIAOs, also known as London orbitals)

• equivalent to local gauge-origins         for AOs

• unique results (but still no gauge invariance)

• fast basis-set convergence 

(London, 1937)

nowadays standard for magnetic properties
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•How to solve this problem?

• build transformation behavior into the basis functions!
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GIAO naming conventions

London orbitals

Gauge-invariant atomic orbitals

Gauge-including atomic orbitals
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Gauge-independent atomic orbitals

ok

ok

not ideal as AOs are explicitly dependent on gauge origin 

not ideal as AOs are explicitly dependent on gauge origin



Elimination of gauge origin
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Consequences of use of GIAOs for 
magnetizabilities?

•From before
•The basis functions depend on the magnetic field
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Consequences of use of GIAOs for 
magnetizabilities?

•From before
•The basis functions depend on the magnetic field

155

<latexit sha1_base64="kmZ3CaSoJMP+YC2hySDmrJOEpyE="></latexit>

�µ(r,B) = exp(� i

2
B ⇥ ((Rµ �R

O
) · r)�µ(r)

<latexit sha1_base64="sR0m/dgRtWas1q86hmX7QUXmVk8="></latexit>

d2EHF

dBidBj

<latexit sha1_base64="LtCP4WIv60tFwI6GkBdM6tZiUWY="></latexit>

=
X

µ⌫

Dµ⌫
@2hµ⌫

@Bi@Bj
+

1

2

X

µ⌫�⇢

Dµ⌫D�⇢

✓
@2hµ� | ⌫⇢i
@Bi@Bj

� 1

2

@2hµ� | ⇢⌫i
@Bi@Bj

◆

<latexit sha1_base64="D1Eblqu4VdruZmiRC30cHiSTU5E="></latexit>

+
X

µ⌫

@Dµ⌫

@Bi

 
@hµ⌫

@Bj
+
X

�⇢

P�⇢

✓
@hµ� | ⌫⇢i

@Bj
� 1

2

@hµ� | ⇢⌫i
@Bj

◆!

<latexit sha1_base64="x8o8vrjryhOIz33Kk94tnPp3c8Y="></latexit>

�
X

µ⌫

@Wµ⌫

@Bj

@Sµ⌫

@Bi

<latexit sha1_base64="+6xlKk2jPufWsR7WE8A5//0yh1I="></latexit>

�
X

µ⌫

Wµ⌫
@2Sµ⌫

@Bi@Bj
+
X

µ⌫

@Dµ⌫

@Bi

 
@hµ⌫

@i
+
X

�⇢

P�⇢

✓
@hµ� | ⌫⇢i

@Bj
� 1

2

@hµ� | ⇢⌫i
@Bj

◆!

<latexit sha1_base64="/q1DdXVgMJ4XxSSZuQ8SNFvNKFk="></latexit>

2⇣ij =



Consequences of use of GIAOs for 
magnetizabilities?
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common gauge-origin results for the rotational g tensor of a
few small molecules at the CC singles and doubles !CCSD"
level.42 While these common gauge-origin calculations might
give some indication of the importance of electron correla-
tion in the accurate prediction of magnetizabilities !and the
related rotational g tensors", such calculations are necessarily
restricted to very small systems and not intended for routine
applications. It thus seems that only the implementation of a
local gauge-origin scheme !preferably the GIAO approach"
in conjunction with high-level CC methods such as
CCSD!T" !i.e., CCSD with an additional perturbative treat-
ment of triple excitations" could significantly improve the
situation, thereby giving more facile access to high-accuracy
predictions of magnetizabilities and rotational g tensors.
Considering this need, we report in this paper the first imple-
mentation of the GIAO approach for the calculation of these
two magnetic properties using arbitrary CC methods. We de-
scribe the modifications that are needed to calculate these
two properties using our existing analytic second-derivative
code, and investigate in a series of high-accuracy calcula-
tions the importance of electron-correlation effects for the
reliable prediction of the magnetizability and rotational g
tensor.

II. THEORY

A. Magnetizability

The magnetizability tensor ! is given as the second de-
rivative of the electronic energy with respect to the compo-
nents of an external magnetic field B,

!"# = − # !2E

!B"!B#
$

B=0
. !1"

The calculation of the required second derivative of the en-
ergy is preferably performed using analytic techniques, while
gauge-origin independence in the calculation of ! can be
achieved by using the following explicitly magnetic-field de-
pendent basis functions:8–13

$%!B" = exp#−
i

2
!B & !R% − RO"" · r$$%!0" , !2"

with $%!0" as the standard field-independent basis functions,
R% as the center of the basis function $%, RO as the global
gauge origin, and r as the coordinates of the electron. The
field-dependent basis functions defined via Eq. !2" are usu-
ally referred to as GIAOs or LAOs. Note that we use here, as
well as in the following, atomic units !'=1, e=1, me=1, and
1/ !4()0"=1" together with SI units for the electromagnetic
interactions.

One consequence of using GIAOs in the calculation of !
is that additional one- and two-electron integral derivatives
are required. In a common gauge-origin calculation, only the
integrals
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1
2
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4
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are needed, whereas a GIAO calculation necessitates the cal-
culation of the following integrals:35
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•These have to be implemented (all methods)
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In these equations, S!# denotes the usual overlap integral, h!# the integral over the one-electron part h of the Hamiltonian, and
!!" "#$# the two-electron integrals in the Dirac notation. Greek indices ! ,# ,", etc., are used to label the atomic orbitals &basis
functions' and p denotes the electronic momentum. The derivatives of the basis functions '!&B' with respect to the compo-
nents of the magnetic field are obtained by straightforward differentiation of the field-dependent functions given in Eq. &2'.
Note also that all integral derivatives are calculated at the limit of B equal to zero.

Within HF-SCF and MCSCF theories, the corresponding expressions for ( using the GIAO approach have been reported
in the literature35,37 together with corresponding implementations. At the CC level, the second derivative of the energy with
respect to two perturbations x and y can be written in the closed-shell case as27,43
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where D!# denotes the one-particle density matrix, )!#"$ the
corresponding two-particle density matrix, I!# the general-
ized energy weighted density matrix, and D!#

SCF the HF-SCF
density matrix. Explicit &spin-orbital' expressions for D!#,
)!#"$, and I!# can be found in the literature for the various
CC models, including CCSD &Ref. 44' and CCSD&T' &Ref.
45' as special cases. The expression given in Eq. &11' for the
CC second derivatives was first implemented for the calcu-
lation of NMR chemical shifts,24,25 with the perturbations x
and y representing the nuclear magnetic moment and the
magnetic field, respectively -note that for this specific case,
only the first and fifth terms in Eq. &11' are needed., and then
later for geometrical perturbations27 for which all terms in
Eq. &11' have to be considered. The implementation of Eq.
&11' for the evaluation of the magnetizability tensor with
both x and y representing magnetic field components has so
far not been reported and requires &in comparison to the ex-
isting implementations for nuclear magnetic shieldings and
geometrical derivatives' the following additional tasks:

&a' Additional one- and two-electron integrals. In addi-
tion to the first-derivative integrals in Eqs. &5', &7', and &9',
which are already required for NMR chemical shift calcula-
tions, we also need to evaluate the corresponding second-
derivative integrals given in Eqs. &6', &8', and &10'. These
integrals have been available for more than a decade in the
DALTON program package35,46 but not within the ACES2

package,47 which contains the required implementation of
CC second derivatives. Nevertheless, these integrals can be
implemented in a rather straightforward manner using, for
example, the McMurchie-Davidson scheme.35,48

&b' Modified back transformation of the unperturbed
two-particle density matrix. In electron-correlated calcula-
tions of properties, the two-particle density matrix is usually
computed first in the molecular orbital representation &)pqrs'
and then transformed back into the atomic orbital represen-
tation. This step is usually termed back transformation and
provides )!"#$ which is then contracted with the correspond-
ing two-electron integrals. An important issue in the back
transformation is the exploitation of permutational symme-
try. The usual two-electron integrals !!" "#$# as well as their
geometrical derivatives possess eightfold permutational sym-
metry, i.e., they are invariant with respect to the interchange
of electrons 1 and 2 &termed permutation P1', the inter-
change of the indices ! and # of the first electron &P2', and
the interchange of the indices " and $ of the second electron
&P3' as well as all combinations of P1, P2, and P3. In con-
trast, the two-particle density matrix is only invariant with
respect to P1 as well as the simultaneous application of P2
and P3. )pqrs is not invariant with respect to an interchange
of the indices of one electron alone and thus only possesses
fourfold permutational symmetry.49 To exploit the full eight-
fold permutational symmetry of the usual two-electron inte-
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Derivatives of the basis functions

•Derivative wrt to one component B𝛂

• In the limit B=0 (magnetic properties), the dependence on 
B is removed (e0=1) and the corresponding integrals 
become purely imaginary

à can deal with in real analyticcode (bookkeeping of i)
à not true in finite field 158
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Quantum-chemical calculation of 
magnetizabilities

•Was it worth it (to introduce the GIAOs)?
•Magnetizabilities of CO, HF, basis-set convergence
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basis

cc-pVDZ -4,224
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fast convergence

much improved basis-set convergence when GIAOs are used!



Terminology para- and diamagnetic

•Reminder: do not confuse:

•paramagnetic/diamagnetic as linear/quadratic 
in B contributions to the energy

•paramagnetic/diamagnetic as overall 
magnetizability response, i.e., molecule is 
attracted/repelled by magnetic field
àclosed-shell molecules typically diamagnetic

E(1)=0, contributions only from E(2)

à open-shell molecules typically paramagnetic

160



Magnetizabilities for paramagnetic 
molecules

MOLECULAR PHYSICS 105

Table 1. Totalmagnetisabilities and components (xx,yy, and zz, where the zz-component corresponds to the parallel orientation) in units
of 10−30 J T−2, calculated at the HF, MP2, CCSD and CCSD(T) levels of theory in the Cartesian unc-aug-cc-pVTZ and contracted spherical
aug-cc-pCV5Z basis sets.

unc-aug-cc-pVTZ aug-cc-pCV5Z

HF MP2 CCSD CCSD(T) HF MP2 CCSD CCSD(T) di!a

Diamagnetic molecules:
He total −31.2 −31.3 −31.5 – −31.2 −31.3 −31.4 – 0.0
Be total −227.8 −220.0 −214.3 −214.1 −227.8 −219.4 −214.0 −213.8 0.5
Ne total −123.4 −126.9 −126.0 −126.4 −123.3 −126.4 −125.5 −125.9 0.1
H2 xx= yy −69.2 −68.7 −68.5 – −69.2 −68.6 −68.4 – 0.1

zz −61.4 −60.6 −60.3 – −61.3 −60.4 −60.1 – 0.2
total −66.6 −66.0 −65.8 – −66.6 −65.9 −65.6 – 0.2

He2 xx= yy −62.3 −62.6 −62.9 −62.9 −62.3 −62.5 −62.8 −62.8 0.1
zz −62.3 −62.7 −62.9 −62.9 −62.3 −62.6 −62.8 −62.8 0.1
total −62.3 −62.7 −62.9 −62.9 −62.3 −62.5 −62.8 −62.8 0.1

N2 xx= yy −151.8 −166.0 −159.5 −159.3 −151.6 −164.5 −158.4 −158.1 1.5
zz −304.9 −301.1 −301.3 −301.7 −304.9 −300.0 −300.3 −300.6 0.7
total −202.8 −211.0 −206.8 −206.8 −202.7 −209.7 −205.7 −205.6 1.2

CO xx= yy −157.1 −172.9 −166.2 −166.4 −156.6 −170.8 −164.4 −164.5 1.6
zz −300.0 −303.5 −301.3 −301.9 −299.8 −302.3 −300.0 −300.6 0.7
total −204.7 −216.4 −211.2 −211.5 −204.4 −214.6 −209.6 −209.9 1.3

HF xx= yy −175.6 −181.6 −179.4 −180.1 −175.5 −180.8 −178.5 −179.3 0.1
zz −166.9 −172.8 −170.8 −171.6 −166.8 −172.1 −170.0 −170.7 0.1
total −172.7 −178.7 −176.5 −177.3 −172.6 −177.9 −175.7 −176.5 0.1

H2O xx −233.1 −240.1 −236.3 −237.3 −232.9 −239.1 −235.4 −236.4 −0.1
yy −228.9 −236.6 −233.1 −234.1 −228.7 −235.6 −232.0 −233.1 0.0
zz −231.8 −239.6 −236.0 −237.1 −232.0 −238.9 −235.2 −236.3 −0.3
total −231.3 −238.8 −235.1 −236.2 −231.2 −237.9 −234.2 −235.2 −0.1

CH4 total −313.9 −321.7 −317.0 −318.0 −313.6 −320.8 −316.2 −317.5 −0.5
NH3 xx= zz −293.1 −300.6 −295.9 −297.0 −292.9 −299.6 −294.9 −296.1 −0.2

yy −276.7 −284.0 −279.3 −280.3 −276.4 −283.0 −276.4 −279.4 −0.2
total −287.6 −295.1 −290.3 −291.5 −287.4 −294.0 −288.8 −290.5 −0.2

Paramagnetic molecules:
BH xx= yy 560.4 498.5 405.5 413.8 560.2 506.7 411.2 418.7 13.2

zz −198.2 −197.6 −196.2 −196.6 −198.1 −196.8 −195.6 −196.0 0.2
total 307.5 266.5 204.9 210.4 307.4 272.2 208.9 213.8 8.8

CH+ xx= yy 834.0 665.3 533.6 540.9 833.3 678.5 540.9 546.7 13.0
zz −113.9 −113.9 −113.8 −113.9 −113.8 −113.5 −113.4 −113.6 0.2
total 518.0 405.6 317.8 322.6 517.6 414.5 322.8 326.6 8.8

AlH xx= yy 282.6 270.1 229.0 237.2 277.3 273.1 233.5 239.8 10.7
zz −365.9 −363.2 −362.6 −363.2 −365.3 −358.2 −358.5 −358.9 3.7
total 66.4 59.0 31.8 37.1 63.1 62.6 36.2 40.2 8.4

SiH+ xx = yy 272.6 262.9 230.7 242.6 271.1 267.6 237.5 247.9 17.2
zz −249.0 −249.0 −249.0 −249.2 −248.7 −246.9 −247.0 −247.3 1.7
total 98.7 92.2 70.8 78.6 97.8 96.1 76.0 82.9 12.0

BeH− xx = yy 328.3 301.5 231.1 247.9 321.6 297.8 229.7 246.8 15.7
zz −601.8 −594.6 −577.5 −580.2 −609.8 −602.3 −585.3 −588.4 −10.9
total 18.3 2.8 −38.4 −28.1 11.1 −2.2 −42.0 −31.6 6.8

a Difference between magnetisabilities of our best estimate (CCSD(T)/aug-cc-pCV5Z) and CCSD/unc-aug-cc-pVTZ level of theory.

being 31.7% for LDA. Except for CCSD and aTPSS, all
methods overestimate ξxx for these molecules.

Regarding the cTPSS functional, we have previ-
ously observed that it performs well in magnetic
"elds–providing, for example, a good description of para-
magnetic bonding in strong magnetic "elds [5]. A good
description of paramagnetic bonding depends on the
ability of the model to describe the response of the
electronic structure to the applied magnetic "eld. In
closed-shell paramagnetic molecules, the paramagnetic
response of the wave function is larger than in diamag-
netic molecules and must be accurately described to
obtain a reasonable accuracy in the calculated magnetis-
ability. It is therefore tempting to speculate that the cTPSS

functional provides a more reasonable description of the
response of the electronic structure to the applied mag-
netic "eld in comparison with the other DFAs, but other
factors may be important and we cannot exclude the pos-
sibility of a systematic error cancellation between dia-
and paramagnetic contributions to the magnetisability.

5.3. Field dependence of the universal density
functional

We now consider the dependence of the BDFT density
functional Fλ(ρ,B) on the magnetic "eld B for a "xed
density ρ. We examine "rst the simple situation where
ρ is a v-representable density whose external potential v

161
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Table 1. Totalmagnetisabilities and components (xx,yy, and zz, where the zz-component corresponds to the parallel orientation) in units
of 10−30 J T−2, calculated at the HF, MP2, CCSD and CCSD(T) levels of theory in the Cartesian unc-aug-cc-pVTZ and contracted spherical
aug-cc-pCV5Z basis sets.

unc-aug-cc-pVTZ aug-cc-pCV5Z

HF MP2 CCSD CCSD(T) HF MP2 CCSD CCSD(T) di!a

Diamagnetic molecules:
He total −31.2 −31.3 −31.5 – −31.2 −31.3 −31.4 – 0.0
Be total −227.8 −220.0 −214.3 −214.1 −227.8 −219.4 −214.0 −213.8 0.5
Ne total −123.4 −126.9 −126.0 −126.4 −123.3 −126.4 −125.5 −125.9 0.1
H2 xx= yy −69.2 −68.7 −68.5 – −69.2 −68.6 −68.4 – 0.1

zz −61.4 −60.6 −60.3 – −61.3 −60.4 −60.1 – 0.2
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He2 xx= yy −62.3 −62.6 −62.9 −62.9 −62.3 −62.5 −62.8 −62.8 0.1
zz −62.3 −62.7 −62.9 −62.9 −62.3 −62.6 −62.8 −62.8 0.1
total −62.3 −62.7 −62.9 −62.9 −62.3 −62.5 −62.8 −62.8 0.1

N2 xx= yy −151.8 −166.0 −159.5 −159.3 −151.6 −164.5 −158.4 −158.1 1.5
zz −304.9 −301.1 −301.3 −301.7 −304.9 −300.0 −300.3 −300.6 0.7
total −202.8 −211.0 −206.8 −206.8 −202.7 −209.7 −205.7 −205.6 1.2

CO xx= yy −157.1 −172.9 −166.2 −166.4 −156.6 −170.8 −164.4 −164.5 1.6
zz −300.0 −303.5 −301.3 −301.9 −299.8 −302.3 −300.0 −300.6 0.7
total −204.7 −216.4 −211.2 −211.5 −204.4 −214.6 −209.6 −209.9 1.3

HF xx= yy −175.6 −181.6 −179.4 −180.1 −175.5 −180.8 −178.5 −179.3 0.1
zz −166.9 −172.8 −170.8 −171.6 −166.8 −172.1 −170.0 −170.7 0.1
total −172.7 −178.7 −176.5 −177.3 −172.6 −177.9 −175.7 −176.5 0.1

H2O xx −233.1 −240.1 −236.3 −237.3 −232.9 −239.1 −235.4 −236.4 −0.1
yy −228.9 −236.6 −233.1 −234.1 −228.7 −235.6 −232.0 −233.1 0.0
zz −231.8 −239.6 −236.0 −237.1 −232.0 −238.9 −235.2 −236.3 −0.3
total −231.3 −238.8 −235.1 −236.2 −231.2 −237.9 −234.2 −235.2 −0.1

CH4 total −313.9 −321.7 −317.0 −318.0 −313.6 −320.8 −316.2 −317.5 −0.5
NH3 xx= zz −293.1 −300.6 −295.9 −297.0 −292.9 −299.6 −294.9 −296.1 −0.2

yy −276.7 −284.0 −279.3 −280.3 −276.4 −283.0 −276.4 −279.4 −0.2
total −287.6 −295.1 −290.3 −291.5 −287.4 −294.0 −288.8 −290.5 −0.2

Paramagnetic molecules:
BH xx= yy 560.4 498.5 405.5 413.8 560.2 506.7 411.2 418.7 13.2

zz −198.2 −197.6 −196.2 −196.6 −198.1 −196.8 −195.6 −196.0 0.2
total 307.5 266.5 204.9 210.4 307.4 272.2 208.9 213.8 8.8

CH+ xx= yy 834.0 665.3 533.6 540.9 833.3 678.5 540.9 546.7 13.0
zz −113.9 −113.9 −113.8 −113.9 −113.8 −113.5 −113.4 −113.6 0.2
total 518.0 405.6 317.8 322.6 517.6 414.5 322.8 326.6 8.8

AlH xx= yy 282.6 270.1 229.0 237.2 277.3 273.1 233.5 239.8 10.7
zz −365.9 −363.2 −362.6 −363.2 −365.3 −358.2 −358.5 −358.9 3.7
total 66.4 59.0 31.8 37.1 63.1 62.6 36.2 40.2 8.4

SiH+ xx = yy 272.6 262.9 230.7 242.6 271.1 267.6 237.5 247.9 17.2
zz −249.0 −249.0 −249.0 −249.2 −248.7 −246.9 −247.0 −247.3 1.7
total 98.7 92.2 70.8 78.6 97.8 96.1 76.0 82.9 12.0

BeH− xx = yy 328.3 301.5 231.1 247.9 321.6 297.8 229.7 246.8 15.7
zz −601.8 −594.6 −577.5 −580.2 −609.8 −602.3 −585.3 −588.4 −10.9
total 18.3 2.8 −38.4 −28.1 11.1 −2.2 −42.0 −31.6 6.8

a Difference between magnetisabilities of our best estimate (CCSD(T)/aug-cc-pCV5Z) and CCSD/unc-aug-cc-pVTZ level of theory.

being 31.7% for LDA. Except for CCSD and aTPSS, all
methods overestimate ξxx for these molecules.

Regarding the cTPSS functional, we have previ-
ously observed that it performs well in magnetic
"elds–providing, for example, a good description of para-
magnetic bonding in strong magnetic "elds [5]. A good
description of paramagnetic bonding depends on the
ability of the model to describe the response of the
electronic structure to the applied magnetic "eld. In
closed-shell paramagnetic molecules, the paramagnetic
response of the wave function is larger than in diamag-
netic molecules and must be accurately described to
obtain a reasonable accuracy in the calculated magnetis-
ability. It is therefore tempting to speculate that the cTPSS

functional provides a more reasonable description of the
response of the electronic structure to the applied mag-
netic "eld in comparison with the other DFAs, but other
factors may be important and we cannot exclude the pos-
sibility of a systematic error cancellation between dia-
and paramagnetic contributions to the magnetisability.

5.3. Field dependence of the universal density
functional

We now consider the dependence of the BDFT density
functional Fλ(ρ,B) on the magnetic "eld B for a "xed
density ρ. We examine "rst the simple situation where
ρ is a v-representable density whose external potential v
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Table 1. Totalmagnetisabilities and components (xx,yy, and zz, where the zz-component corresponds to the parallel orientation) in units
of 10−30 J T−2, calculated at the HF, MP2, CCSD and CCSD(T) levels of theory in the Cartesian unc-aug-cc-pVTZ and contracted spherical
aug-cc-pCV5Z basis sets.

unc-aug-cc-pVTZ aug-cc-pCV5Z

HF MP2 CCSD CCSD(T) HF MP2 CCSD CCSD(T) di!a

Diamagnetic molecules:
He total −31.2 −31.3 −31.5 – −31.2 −31.3 −31.4 – 0.0
Be total −227.8 −220.0 −214.3 −214.1 −227.8 −219.4 −214.0 −213.8 0.5
Ne total −123.4 −126.9 −126.0 −126.4 −123.3 −126.4 −125.5 −125.9 0.1
H2 xx= yy −69.2 −68.7 −68.5 – −69.2 −68.6 −68.4 – 0.1

zz −61.4 −60.6 −60.3 – −61.3 −60.4 −60.1 – 0.2
total −66.6 −66.0 −65.8 – −66.6 −65.9 −65.6 – 0.2

He2 xx= yy −62.3 −62.6 −62.9 −62.9 −62.3 −62.5 −62.8 −62.8 0.1
zz −62.3 −62.7 −62.9 −62.9 −62.3 −62.6 −62.8 −62.8 0.1
total −62.3 −62.7 −62.9 −62.9 −62.3 −62.5 −62.8 −62.8 0.1

N2 xx= yy −151.8 −166.0 −159.5 −159.3 −151.6 −164.5 −158.4 −158.1 1.5
zz −304.9 −301.1 −301.3 −301.7 −304.9 −300.0 −300.3 −300.6 0.7
total −202.8 −211.0 −206.8 −206.8 −202.7 −209.7 −205.7 −205.6 1.2

CO xx= yy −157.1 −172.9 −166.2 −166.4 −156.6 −170.8 −164.4 −164.5 1.6
zz −300.0 −303.5 −301.3 −301.9 −299.8 −302.3 −300.0 −300.6 0.7
total −204.7 −216.4 −211.2 −211.5 −204.4 −214.6 −209.6 −209.9 1.3

HF xx= yy −175.6 −181.6 −179.4 −180.1 −175.5 −180.8 −178.5 −179.3 0.1
zz −166.9 −172.8 −170.8 −171.6 −166.8 −172.1 −170.0 −170.7 0.1
total −172.7 −178.7 −176.5 −177.3 −172.6 −177.9 −175.7 −176.5 0.1

H2O xx −233.1 −240.1 −236.3 −237.3 −232.9 −239.1 −235.4 −236.4 −0.1
yy −228.9 −236.6 −233.1 −234.1 −228.7 −235.6 −232.0 −233.1 0.0
zz −231.8 −239.6 −236.0 −237.1 −232.0 −238.9 −235.2 −236.3 −0.3
total −231.3 −238.8 −235.1 −236.2 −231.2 −237.9 −234.2 −235.2 −0.1

CH4 total −313.9 −321.7 −317.0 −318.0 −313.6 −320.8 −316.2 −317.5 −0.5
NH3 xx= zz −293.1 −300.6 −295.9 −297.0 −292.9 −299.6 −294.9 −296.1 −0.2

yy −276.7 −284.0 −279.3 −280.3 −276.4 −283.0 −276.4 −279.4 −0.2
total −287.6 −295.1 −290.3 −291.5 −287.4 −294.0 −288.8 −290.5 −0.2

Paramagnetic molecules:
BH xx= yy 560.4 498.5 405.5 413.8 560.2 506.7 411.2 418.7 13.2

zz −198.2 −197.6 −196.2 −196.6 −198.1 −196.8 −195.6 −196.0 0.2
total 307.5 266.5 204.9 210.4 307.4 272.2 208.9 213.8 8.8

CH+ xx= yy 834.0 665.3 533.6 540.9 833.3 678.5 540.9 546.7 13.0
zz −113.9 −113.9 −113.8 −113.9 −113.8 −113.5 −113.4 −113.6 0.2
total 518.0 405.6 317.8 322.6 517.6 414.5 322.8 326.6 8.8

AlH xx= yy 282.6 270.1 229.0 237.2 277.3 273.1 233.5 239.8 10.7
zz −365.9 −363.2 −362.6 −363.2 −365.3 −358.2 −358.5 −358.9 3.7
total 66.4 59.0 31.8 37.1 63.1 62.6 36.2 40.2 8.4

SiH+ xx = yy 272.6 262.9 230.7 242.6 271.1 267.6 237.5 247.9 17.2
zz −249.0 −249.0 −249.0 −249.2 −248.7 −246.9 −247.0 −247.3 1.7
total 98.7 92.2 70.8 78.6 97.8 96.1 76.0 82.9 12.0

BeH− xx = yy 328.3 301.5 231.1 247.9 321.6 297.8 229.7 246.8 15.7
zz −601.8 −594.6 −577.5 −580.2 −609.8 −602.3 −585.3 −588.4 −10.9
total 18.3 2.8 −38.4 −28.1 11.1 −2.2 −42.0 −31.6 6.8

a Difference between magnetisabilities of our best estimate (CCSD(T)/aug-cc-pCV5Z) and CCSD/unc-aug-cc-pVTZ level of theory.

being 31.7% for LDA. Except for CCSD and aTPSS, all
methods overestimate ξxx for these molecules.

Regarding the cTPSS functional, we have previ-
ously observed that it performs well in magnetic
"elds–providing, for example, a good description of para-
magnetic bonding in strong magnetic "elds [5]. A good
description of paramagnetic bonding depends on the
ability of the model to describe the response of the
electronic structure to the applied magnetic "eld. In
closed-shell paramagnetic molecules, the paramagnetic
response of the wave function is larger than in diamag-
netic molecules and must be accurately described to
obtain a reasonable accuracy in the calculated magnetis-
ability. It is therefore tempting to speculate that the cTPSS

functional provides a more reasonable description of the
response of the electronic structure to the applied mag-
netic "eld in comparison with the other DFAs, but other
factors may be important and we cannot exclude the pos-
sibility of a systematic error cancellation between dia-
and paramagnetic contributions to the magnetisability.

5.3. Field dependence of the universal density
functional

We now consider the dependence of the BDFT density
functional Fλ(ρ,B) on the magnetic "eld B for a "xed
density ρ. We examine "rst the simple situation where
ρ is a v-representable density whose external potential v

Calculated using CCSD(T), 
aug-cc-pCV5Z, using GIAOs

Reimann et al., Mol. Phys., 117, 97, 2019

Unquenching of angular 
momentum due to 𝛑 orbitals 
(from atomic p) and 
corresponding low-lying 𝚷 states

1𝜎!
2𝜎!
3𝜎!

𝜋"#
Field-free ground state: 1Σ

𝜋$#



•Similar results for ScH and YH 
ScH 18.7958

Magnetizabilities for paramagnetic 
molecules

162Grazioli et al., J. Comp. Phys., 45, 1215, 2024

Similar effects also for 𝛑 and 𝛅 orbitals (from atomic d)

YH    6.4492

CCSD(T), cc-pVQZ, 
using GIAOs, in a.u.



Energy of closed-shell paramagnetic molecules

basis: unc-aug-cc-pVQZ
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Paramagnetic response to external 
perpendicular magnetic field 

(up to ~0.2 B0~50000T )  1 B0 = 235 000 T 163

Development of the energy as a function of a magnetic field



Paramagnetism in closed-shell molecules can also be 
understood as a result from Zeeman coupling between 
electronic states in the magnetic field 
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Nuclear Magnetic Resonance (NMR) 
experiment

•Setup

• Nuclear spin à nuclear magnetic moment à interacts with 
external magnetic field à Magnetic field splits energy levels of 
nuclear spins (Zeeman)
• Larmor-frequency: Transitions between energy levels of the 

nuclear spins. 

Theoretische Beschreibung von chemischen
Verschiebungen in der NMR-Spektroskopie

Stella Stopkowicz

1 NMR-Experiment

Kernmagnetische Resonanzspektroskopie (NMR, nuclear magnetic resonance)
ist eine extrem wichtige Methode zur Charakterisierung von Molekülen in der
Chemie. Mit dem Kernspin ist ein magnetisches Moment verknüpft, welches
mit dem äußeren Magnetfeld wechselwirkt. Im Resonanzverfahren, siehe Abb.
1, induziert die eingestrahlte Frequenz (senkrecht zur z-Richtung) bei Reso-
nanz Übergänge zwischen den Energienivieaus der Kernspins. Gäbe es keine
weiteren Wechselwirkungen, gäbe es für jede Kernsorte eine charakteristi-
sche Resonanzfrequenz und die NMR-Spektroskopie wäre als Strukturauf-
klärungsmethode in der Chemie wenig nützlich. Die Elektronen im Molekül
haben allerdings eine abschirmende Wirkung (da die duch das Magnetfeld in-
duzierte Bewegung der Elektronen selbst ein Magnetfeld induziert1), d.h. die
Kerne sehen, je nach chemischer Umgebung, verschieden starke Magnetfelder

Blokal = Bext +Bind. (1)

Magnet Radiofrequenzspule

Probe
Statisches	
homogenes	
Magnetfeld	B
(definiert	
die	z-Richtung)

Abbildung 1: NMR Experiment.

1
Siehe, z.B., Biot-Savartsches Gesetz, das den Zusammenhang zwischen dem durch

bewegte Ladungen erzeugten Strom und dem Magnetfeld beschreibt.

1

Static 
homogenous 
magnetic field 
(defines z-axis)

sample

Radio frequency coil

characterize 
molecules!
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• Important: Shielding through electrons! Movement of electrons 
induces magnetic field à nuclei experience different strengths of 
magnetic fields

• Interaction energy

Nuclear Magnetic Resonance (NMR) 
experiment

<latexit sha1_base64="9SXVVfMoPTQ21oET5HZlilEx2aY="></latexit>

Blocal = Bext +Bind

<latexit sha1_base64="R2KcpSM7epYUWvWg9/iJoWBwOOA="></latexit>

Bind = ��K Bext

shielding tensor: different for different molecules 
and nuclei, hyperfine-interaction between 
electrons and nuclear spins

<latexit sha1_base64="QjSfU5w/RqSwTQpHaDKxxwzHWWc="></latexit>

Einteraction = �M>Blocal = �M>(I3 � �)Bext
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Zeeman and hyperfine interactions

179

476 Chapter 52. Uniform magnetic fields and nuclear magnetic moments

PSO hyperfine

Zeeman

PSOFC+SDFC+SD

SS, SO, OO
SO SO

Figure 52.1: The Zeeman and hyperfine interactions of a molecular electronic system with nu-
clear magnetic momentsMK and a uniform external magnetic field B. Blue: orbital Zeeman and
hyperfine interactions; red: spin Zeeman and hyperfine interactions; black: other interactions.

in (51.39) expressed as:

H(2)
dia =

1

2

∑

i

(
A0(ri) +

∑

K

AK(ri)
)
·
(
A0(ri) +

∑

L

AL(ri)
)

(52.21)

Expanding the three distinct contributions and using the rules in the Appendix 54.2, we
obtain:

1

2

∑

i

A2
0 (ri) =

1

8

∑

i

(B× ri0) · (B× ri0)

=
1

8
BT

(
I3r

2
i0 − ri0r

T
i0

)
B , (52.22)

∑

iK

AK(ri) ·A0(ri) =
1

2
α2
∑

iK

(B× ri0) · (MK × riK)

r3iK

= BT
∑

K

(
α2

2

∑

i

rTi0riKI3 − ri0rTiK
r3iK

)

MK , (52.23)

1

2

∑

iKL

AK(ri) ·AL(ri) =
1

2
α4
∑

iKL

(MK × riK) · (ML × riL)

r3iKr3iL

=
∑

KL

MT
K

(
α4

2

∑

i

rTiKriLI3 − riKrTiL
r3iKr3iL

)

ML , (52.24)

from which the diamagnetic operators in (52.18)–(52.20) may be identified.

Fig. from ESQC books, chapter by T. Helgaker



• Taylor expansion of the energy as function of magnetic moments 
MK and external magnetic field B (closed-shell à no first-order 
terms)

• Perturbation theory adequate since
• weak magnetic induction (~ 10-4 B0, 1 B0 ~ 235 000 Tesla )
• magnetic moments couple weakly as well 

• : interaction of magnetic field and nuclear moment
• without electrons: coupling= -I3

• in molecule: coupling is modified by nuclear shielding tensor

Calculation of nuclear shielding constants

à magnetizabilityà NMR shieldingsà NMR spin-spin couplings

E(1,1)
K

<latexit sha1_base64="fqxTVhkDZhnFnyvgA1YwEa9Yxgs="></latexit>

<latexit sha1_base64="bxVUF/nU85DCcTZzUIE6nc6Wg4I="></latexit>

E(1,1)
K = �I3 + �K

<latexit sha1_base64="hMauFAjkeXW8SrxbkPU6T00fUYo="></latexit>

H
(1,1)
nuc = �

X

K

M
>
KB

electronic 
contribution!

<latexit sha1_base64="17GCSTLNiTpXjZaVP0p0I0fUhBY="></latexit>

E(M,B) = E0 +
X

KL

M>
KE(2,0)

KL ML +
X

K

M>
KE(1,1)

K B +B>E(0,2)B + . . .
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Calculation of nuclear shielding constantsund die Störungsentwicklung der Energie ist gegeben als

E(�1,�2) = E0 + �1E
(1,0) + �2E

(0,1) + �2

1
E(2,0) + �2

2
E(0,2) + �1�2E

(1,1) + . . . .
(27)

In der NMR hat man es in der Regel mit geschlossenschaligen Systemen zu
tun, daher verschwinden aus Symmetriegründen alle Terme ungeradzahliger
Ordnung. Terme höherer als zweiter Ordnung sind so klein, dass sie nicht
berücksichtigt werden müssen. Daher vereinfacht sich der Energieausdruck
zu

E(�1,�2) = E0 + �2

1
E(2,0) + �2

2
E(0,2) + �1�2E

(1,1). (28)

bzw.

E(B,M) = E0 +
X

KL

M>
K
E(2,0)

KL
ML +

X

K

M>
K
E(1,1)

K
B+B>E(0,2)B, (29)

wobei von hieran Bext nur noch als B bezeichnet wird. Vergleich mit (3) zeigt,
dass zur Berechnung der Wechselwirkungsenergie der vorletzte Term aus (29)
benötigt wird. Dies ist der Term, der die Kopplung zwischen magnetischem
Moment zum angelegten Magnetfeld misst

EWW

K
= �M>

K
(13 � �K)| {z }

E
(1,1)
K

B, (30)

woraus folgt, dass der Abschirmungstensor, bei dem es sich um die Abwei-
chung vom reinen Kernbeitrag handelt, gegeben ist als

�K = E(1,1)

K
+ 13, (31)

bzw. die Abschirmungskonstante als

�K =
1

3
Spur(E(1,1)

K
+ 13). (32)

5 Berechnung des Abschirmungstensors

Die gesuchte Energie E(1,1), die wir zur Berechnung des Abschirmungstensors
benötigen ist also über eine Störungskorrektur zweiter Ordnung berechenbar
(Details siehe Anhang Kap. 7.2):

E(1,1) = h 0 | Ĥ(1,1) |  0i+ 2
X

n

h 0 | Ĥ(1,0) |  nih n | Ĥ(0,1) |  0i
E0 � En

(33)

=
@2E

@MK@B
. (34)

7

E
(1,1) = h (0)

0 | Ĥ(1,1) |  (0)
0 i+ h (0)

0 | Ĥ(0,1) |  (1,0)
0 i+ h (0)

0 | Ĥ(1,0) |  (0,1)
0 i

<latexit sha1_base64="N1FppK2mnmTM8Wm2UqOiWSA4IsU="></latexit>

<latexit sha1_base64="17GCSTLNiTpXjZaVP0p0I0fUhBY="></latexit>

E(M,B) = E0 +
X

KL

M>
KE(2,0)

KL ML +
X

K

M>
KE(1,1)

K B +B>E(0,2)B + . . .

Perturbations
<latexit sha1_base64="Zpp0nH/I8CYqsEFnWsAbpouJQZE="></latexit>

�1 =
X

K

MK

<latexit sha1_base64="es2n/dmDwO1momWNb/5ocCHYlYg="></latexit>

�2 =
X

K

Bext

Perturbed Hamiltonian more complicated:

Meist arbeitet man mit der folgenden Form des Hamiltonoperators:

Ĥ = Ĥ(0) + �Ĥ(1). (18)

Die Energiekorrekturen (über Rayleigh-Schrödinger Störungstheorie, siehe
Anhang, Kap. 7.1) ergeben sich dann als

E(0) = h (0)

0
| Ĥ(0) |  (0)

0
i,

E(1) = h (0)

0
| Ĥ(1) |  (0)

0
i,

E(2) = h (0)

0
| Ĥ(1) |  (1)

0
i

= �
X

n

h (0)

0
| Ĥ(1) |  (0)

n ih (0)

n | Ĥ(1) |  (0)

0
i

E(0)

n � E(0)

0

. (19)

Aus Vergleich mit (17) erhält man

E(1) =

✓
@E

@�

◆

�=0

und E(2) =
1

2

✓
@2E

@�2

◆

�=0

. (20)

In unserem Falle allerdings muss die Theorie erweitert werden, da

1. es zwei Störparameter �1 =
X

K

MK und �2 = Bext gibt. Diese Stör-

parameter folgen daraus, dass die Wechselwirkungsenergie in (3) iden-
tifiziert werden soll.

2. die Form des Hamiltonoperators komplizierter ist

Ĥ = Ĥ(0) + �1Ĥ
(1,0) + �2Ĥ

(0,1) + �2

1
Ĥ(2,0) + �2

2
Ĥ(0,2) + �1�2Ĥ

(1,1)

(21)

und auch Terme zweiter Ordnung enthält.

Die Beiträge zu den gestörten Hamiltonoperatoren kommen jeweils aus den
Termen

Ĥ(1,0)  
X

iK

AKipi +
X

i

BKsi, (22)

Ĥ(0,1)  
X

i

AGipi +
X

i

Bextsi, (23)

Ĥ(2,0)  1

2

X

Ki

A2

Ki
, (24)

Ĥ(0,2)  1

2

X

i

A2

Gi
, (25)

Ĥ(1,1)  1

2

X

Ki

2AKiAGi (26)

6

Expansion of energy and wave function:

Insert into Schrödinger-eq, collect terms of order λ1λ2, project onto Ψ0
(0):

|  (0,1)
0 i =

X

n

h (0)
n | Ĥ(0,1) |  (0)

n i
E

(0)
0 � E

(0)
n

|  (0)
n i

<latexit sha1_base64="dnpJ4TlBlvc7P/Nrb+BjW9wOfoI="></latexit>
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• From second-order perturbation theory:

• Identify the operators! 
 since  

Calculation of nuclear shielding constants

E
(1,1)el = h 0 | Ĥ(1,1)

el. |  0i+ 2
X

n

h 0 | Ĥ(1,0)
el. |  nih n | Ĥ(0,1)
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Calculation of nuclear shielding constants

•Term 1, diamagnetic (comes from A2)

•Term 2, paramagnetic (comes from A)
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Calculation of nuclear shielding constants

•Term 2 continued:

•Collect:
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Calculation of nuclear shielding constants
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Calculation in quantum 
chemistry via derivative theory!
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Calculation of nuclear shielding constants
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Calculation in quantum 
chemistry via derivative theory!
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For any quantum-chemical method, the energy can be written as

Zur konkreten Berechnung von (34) wird im Folgenden Gleichung (33) ver-
wendet. Bisher wurde nur der elektronische Hamiltonoperator im Magnetfeld
betrachtet. Es gibt allerdings auch Beiträge im Hamiltonoperator für die Ker-
ne:
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In der Energiekorrektur E(1,1), die für die Gesamtenergie gilt, gibt somit auch
der erste Term in (35) einen Beitrag zu (34), nämlich über den ersten Term
in (33):

E(1,1)  �13.

Dies ist die Kern-Zeeman-Wechselwirkung. Sie ist ähnlich der Kern-Kern-
Abstoßung, gibt also nur einen konstanten Beitrag zum Hamiltonoperator.
Somit verändert sie die Gesamtenergie, nicht aber die elektronischen Zustände.
Alle verbleibenden Beiträge zu E(1,1)
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K
bezeichnet. Es folgt:

E(1,1)

K
= �13 + E(1,1)el.

K
(37)

und somit mit (31) und (34)

�K =
1

3
Spur

⇣
E(1,1)el.

K

⌘
=

1

3
Spur

✓
@2Eel.

@MK@B

◆
. (38)

Auch für den elektronischen Teil zu E(1,1) gibt es einen Beitrag vom ersten
Term in (33). Um ihn zu berechnen, muss allerdings zunächst die konkrete
Form von Ĥ(1,1) in (26)
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Basis-set convergence

J. Gauss, „Molecular properties“, published in „Modern Methods�and Algorithms of Quantum Chemistry“ , 2000.

1H shielding of hydrogen fluoride

?! 

Very poor convergence wrt to basis-set limit…
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Gauge-origin dependence

gauge-origin
basis set center of mass fluorine hydrogen

dz+d 29.3 27.6 60.1

tz+d 28.4 27.2 50.8

qz+2d 27.7 27.0 40.4

results are not unique and depend on arbitrary 
choice of gauge-origin!

HF-SCF calculations for the proton shielding of HF
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Basis-set convergence

J. Gauss, „Molecular properties“, published in „Modern Methods�and Algorithms of 
Quantum Chemistry“ , 2000.

1H shielding of hydrogen fluoride
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NMR shieldings for various methods

•Mean absolute errors relative to experimental (blue) 
and empirical (red) equilibrium values

•DFT results uneven quality 
•Errors increase when vibrational corrections included

Molecular Magnetic Properties Nuclear Shielding Constants

NMR: Mean Absolute Errors Relative to Experiment

I Mean absolute errors relative to experimental (blue) and empirical equilibrium values (red)

MAE (Exp.) 

MAE (Emp. Eq.) 
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I Kohn–Sham calculations give shielding constants of uneven quality
I errors increase when vibrational corrections are applied
I Teale et al. JCP 138, 024111 (2013)

Trygve Helgaker (University of Oslo) Molecular Magnetic Properties ESQC 2017 46 / 54

Figure from T. Helgaker.                  See also  Teale et al. JCP 138, 024111 (2013)
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13C NMR chemical shieldings:
accuracy of MP2
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Figure from J. Gauss
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Summary

•Hamiltonian for molecule in electromagnetic field
•Calculation of NMR shieldings
• Important to ensure gauge-origin independence via use 

of GIAOs
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Strong magnetic fields



Magnetic fields on Earth
Human brain

1pT
Earth magnetic field

 60µT
Refrigerator magnet

 4mT

Levitate a frog
 16T

NMR 
12 T

Strongest non-destructive magnet
100 T

Z-machine
~10.000 T
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Cranking up the magnetic field
Atomic unit of the magnetic field B:  1B0= 235000 T

 
Distinguish 3 regimes: 

Coulomb regime

Landau regime

Mixing regime

B << B0

In
cr

ea
se

 m
ag

ne
tic

 fi
el

d 
B

B ≈ B0

B >> B0
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Magnetic fields on Earth
Human brain

4.35 aB0

Earth magnetic field
 260 pB0

Refrigerator magnet
 17 nB0

Levitate a frog
 68 μB0 

NMR 
51 μB0 

Strongest non-destructive magnet
0.4 mB0 

Z-machine
0.04 B0 
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Compact stars

Magnetic fields in space

Magnetic White Dwarf stars  ~3T – 100kT

Neutron stars ~1-100MT

Magnetars ~100MT-100GT

Mixing regime

Landau regime

➝ up to ~0.4 B0

➝ up to ~400 B0

➝ up to ~400 kB0
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Magnetic White Dwarf spectra with metals

Hollands, Stopkowicz, Hermes, Kitsaras, Hampe, Blaschke, MNRAS 520, 3560 (2023) 

• First assignment of metals in the spectrum of a strongly magnetic WD 
(~3000 T) using finite-field CC theory

• Further elements/transitions present – possibly iron … 

  

Offset dipole model

Na i Mg i Ca ii Ca i
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Molecular Hamiltonian

•Electronic Hamiltonian in homogeneous magnetic field 
(in a.u., with gauge origin O)

angular momentum 
operator

à complex wave function! 
à origin dependence in      :  use of GIAOs important 

Ĥ = Ĥ0 +
1

2
BLO +BS+

1

8

NX

i

�
B

2
r
2

iO � (BriO)
2
�

Ĥ

LO = �
NX

k

irOk ⇥rk
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Finite-field methods

•Magnetic field treated non-perturbatively
Example: Static magnetic field input: (Bx, By, Bz)
•Wave-function is complex à complex orbitals and 

other wave-function parameters à complex integrals  
In particular: New software implementations needed!
•Efficiency:
• Larger computational cost (Factor 4 in matrix multiplication (Factor 3 with 

specialized BLAS routines)
• Larger memory requirements (Factor 2 and more)
• Less permutational symmetry: Factor 4 instead of 8 in 2-electron integrals 

hpq 6= hqp, hpq = h⇤
qp

< pq|rs >=< rs|pq >⇤=< qp|sr >=< sr|qp >⇤

( 6=< ps|rq > 6=< rq|ps > 6=< qr|sp > 6=< sp|qr >)
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Molecular Hamiltonian

•Electronic Hamiltonian in homogeneous magnetic field 
(in a.u.)

Ĥ = Ĥ0 +
1

2
BLO +BS+
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2
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Molecular Hamiltonian

Orbital-Zeeman term
• leads to complex wave 

function
• gauge-origin dependent

Spin-Zeeman term
• lifts degeneracy of alpha 

and beta spin
• favorization of high-spin 

states open-shell states  
for stronger fields

diamagnetic term
• always positive
• confinement
• gauge-origin dependent

Ĥ = Ĥ0 +
1

2
BL̂z +BŜz +

1

8

NX

i

B
2
�
x
2
i + y

2
i

�

Electronic Hamiltonian for molecule in a homogeneous magnetic 
field in z-direction (in a.u.)

P+1

P+1

P-1

P0

P0

P-1

ms= ½  : ⍺-spin    

ms= - ½ : β-spin  
1 Notes on Symmetry

The p+1 and p�1 orbitals are given as

p+1 = � 1p
2
(px + ipy), p�1 =

1p
2
(px � ipy). (1)

As vector, in terms of components of (x, y, z), we would write the p+1 orbital as

p+1 =
�1p
2

0

@
px
ipy
0

1

A (2)

In the London-output, what is calculated are matrix-elements wrt. symmetry operations
(This is also why it matters where the molecule is located in space). The identity
operation Ê is simply a 3x3 identity matrix, such that the matrix element hp+1 | Ê | p+1i
is simply the overlap

hp+1 | p+1i =
✓
� 1p

2

◆2

(hpx | pxi+ hipy | ipyi) (3)

=
1

2
(hpx | pxi � i2hpy | pyi) = 1. (4)

Note that hipy |= �ihpy |. Let’s take the rotation as an example. A general rotation
(x1, y1) ! (x2, y2) with rotation angle ↵ is given by

✓
x2
x1

◆
=

✓
cos↵ � sin↵
sin↵ cos↵

◆
. (5)

In 3D, the rotation matrices for rotation around ↵ wrt. x, y, z are then

R̂x =

0

@
1 0 0
0 cos↵ � sin↵
0 sin↵ cos↵

1

A ; R̂y =

0

@
cos↵ 0 sin↵
0 1 0

� sin↵ 0 cos↵

1

A ; R̂z =

0

@
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

1

A .

(6)

For a rotation with an angle of 180�, i.e., ⇡, these simplify to

R̂x =

0

@
1 0 0
0 �1 0
0 0 �1

1

A ; R̂y =

0

@
�1 0 0
0 1 0
0 0 �1

1

A ; R̂z =
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@
�1 0 0
0 �1 0
0 0 1
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A . (7)

Therefore, for example for the p+1 orbital and rotation around x with 180�:

hp+1 | R̂⇡
x | p+1i =

✓
� 1p

2

◆2

(hpx | pxi � hipy | ipyi =
1

2
(1� 1) = 0. (8)

1
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Atom in magnetic field

•Symmetry
B

B is an axial vector 
(pseudovector):

• Only rotation along B, but any angle  C∞  

• Mirror planes?
à Perpendicular to B (non-intuitive)

C∞h
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C∞h character table

σg

π+1,g π -1,g

δ+2,g δ-2,g 

https://www.staff.ncl.ac.uk/j.p.goss/symmetry/Categorisation.html

σu

π+1,u π -1,u

δ+2,u δ-2,u 

236
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Symmetry of the orbitals of atoms in a 
magnetic field

•Consequences
s p-1 p0 p+1 d-2 d-1 d0 d+1 d+2

σg π-1,u σu π+1,u δ-2,g π-1,g σg π+1,g δ+2,g

<latexit sha1_base64="MWchpwE+8EnF9uG7NAeEb3f4/8E="></latexit>

Lz = m~Still eigenfunctions to Lz

Same is true for linear molecules (C∞h or C∞) 
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Paramagnetic effects

•LUMO of Neon in magnetic field
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Paramagnetic effects

3s

•LUMO of Neon in magnetic field 3p-1

3d-2

239



Paramagnetic effects

•LUMO of Neon in magnetic field
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Hampe and Stopkowicz, J. Chem. Phys., 146, 154105 (2017)
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Total energies as a function of B

Exotic states become ground states in strong field!
Hampe and Stopkowicz, J. Chem. Phys., 146, 154105 (2017)
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from finite-field 
calculations!
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Atom in magnetic field

•Consequences
s p-1 p0 p+1 d-2 d-1 d0 d+1 d+2

σg π-1,u σu π+1,u δ-2,g π-1,g σg π+1,g δ+2,g

not distinguishable, may not cross

<latexit sha1_base64="MWchpwE+8EnF9uG7NAeEb3f4/8E="></latexit>

Lz = m~Still eigenfunctions to Lz

Same is true for linear molecules (C∞h or C∞) 
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Excitation energies for Mg in magnetic field

4s & 3d0 : σg

Avoided crossings occuring!

-200,15

-200,05

-199,95

-199,85

-199,75

0,00 0,05 0,10 0,15 0,20

E t
ot

/ E
h

B / B0

Πu-
Πu+
Σu
Σg
2Σg

[Ne]3s3p0

[Ne]3s3p+1

[Ne]3s4s

[Ne]3s3d0 

470 MG

Kitsaras, Grazioli, Stopkowicz, JCP 160, 094112 (2024) 



Mg Orbitals

3s                                          3p0   4s

B=0 B0 (field free)

B=0.1 B0=235 MG 
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Paramagnetic bonding

Lange, Tellgren, Hoffmann, Helgaker, Science 337, 327 (2012)
262



Paramagnetic bonding in H2 
+

HOMO: σu

σg

ΔE+ + ΔE- = 0 

ΔE-

ΔE+

Bonding with formal bond order 0!

field-free

1s 1s

ΔE+ + ΔE- < 0   

ΔE+

ΔE-

perpendicular magnetic field

Ĥ = Ĥ0 +
1

2
BL̂z +BŜz +

1

8

NX

i

B
2
�
x
2
i + y

2
i

�

• Perpendicular magnetic field lowers symmetry to C2h 
• ml no longer good quantum number, π/σ symmetry broken

Ø Higher-lying π splits into bu and au
Ø Mixing with HOMO allowed
Ø Induces angular momentum and lowers <Lz>
Ø Paramagnetic stabilization (GENERAL!): Here: Induces a bond 263



Symmetry considerations

H

Bz

H
à C2h

Remaining symmetries:
• Center of inversion
• Mirror plane σh (xy-plane)
• C2-axis (z)

Parallel case: B coincides with molecular axis, no mirror planes that include z à C∞h

x

B is an axial vector 
(pseudovector):

H2 in perpendicular magnetic field
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C2h character table

https://www.staff.ncl.ac.uk/j.p.goss/symmetry/Categorisation.html 265
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Field-free: highest 
occupied MO (HOMO) is 

antibonding

1s 1s

HOMO

H H

Magnetic field 
(perpendicular)

1s 1s

HOMO

B

H H

In magnetic field (ca. 200000 T): 
HOMO is bound via perpendicular 

bonding

Paramagnetic bonding in H2  

Stopkowicz, Nachr. Chem. 70, 11, 62-66 (2022)
Lange, Tellgren, Hoffmann, Helgaker, Science 337, 327 (2012) 266



Paramagnetic bonding in H2

HOMO: σu

σg

ΔE+ + ΔE- = 0 

ΔE-

ΔE+

ΔE+ + ΔE- < 0   
Bonding with formal bond order 0!

field-free

1s 1s

ΔE+

ΔE-

perpendicular magnetic field

Ĥ = Ĥ0 +
1

2
BL̂z +BŜz +

1

8

NX

i

B
2
�
x
2
i + y

2
i

�

• Perpendicular magnetic field lowers symmetry to C2h 
• ml no longer good quantum number, π/σ symmetry broken

Ø Higher-lying π splits into bu and au
Ø Mixing with HOMO allowed
Ø Induces angular momentum and lowers <Lz>
Ø Paramagnetic stabilization (GENERAL!): Here: Induces a bond

ag

HOMO: bu
D∞h C2h

σg ag

σu bu

π bu+ au

... ...
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• Becomes paramagnetically bound (not to be confused with van der Waals 
interaction)  
• Correlation contribution more important with increasing field

Binding energies of He3 in perpendicular 
field

He
He

He

Bperpendicular 
paramagnetic 
bonding
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Summary

•Strong fields exists on magnetic White Dwarf stars
•Assignment of spectra
•Lowering of symmetry
•Exotic states become ground states 
•Paramagnetic bonding
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