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Molecular properties

* Spectroscopy

4004 =" Coriani et al.

* NMR, EPR, IR, Raman, Rotational spectra, MCD, ...
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* Time- (or frequency) dependent vs. time independent -



Types of (time-independent) molecular
properties

* State-specific properties
* Equilibrium structure
* Vibrational frequencies
* Dipole moment and polarizability
* NMR shielding
* Magnetizability

Focus of this lecture

* Transition properties
 Electronic excitation energies
* One- and two-photon transition strengths
* Radiative lifetimes
* lonization potentials and electron affinities

* Based on energy differences
* Reaction energies
e Stability of conformers/isomers
* Atomization energies
* Dissociation energies



Part 1
Derivative theory



Contents

*Properties as expectation values

*Properties as energy derivatives
* Numerical and analytical derivatives

*Hellman-Feynman theorem

*Derivative theory
e Variational and non-variational wave functions
 Lagrangian formalism
*(2n+1) and (2n+2) rules

* Examples for first- and second-order properties via
Lagrangian approach
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Calculation of molecular properties

Quantum mechanics suggest:
Calculate properties as

expectation value to a corresponding
Hermitian operator ©!
(V|0 | V)
(v | v)
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Molecular properties as expectation value

* Example: dipole moment
* Calculation via expectation value of respective operator

p= (ler)+ ZARA
| A \
eIectroréoart nuclear part
Q= Q¢ T Qnuc

* For quantum-chemical calculation: el. part relevant
* Expectation value:

| ‘ 0 ‘ |
"t pel ) WF normalized
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Molecular properties as energy derivatives

Alternative view: Property as a response of a system to a
(small) perturbation

| to be calculated as energy derivative with respect
to a perturbation parameter to which to property is
associated

| sufficiently weak perturbation: Taylor expansion
around x=0
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Molecule in electric field

* Response of the system to a perturbation

M e

>
electric field !

Energy of the molecule changes and is a function of the electric
field
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Example: Perturbation by electric field

| 1"#$%& (%)*+) &i#. /+)+() 0./+-)1’ 02)$&)# -+3-4%+'(%)

lllllllllll

llllllllll

field-free energy field — dependent terms
"#5%E (%) *(1++*19%%$.$*,1.'&,") (+),-)/(01*101)$%2)",&)31$%,1/)
&,$,1&  /(0'*10%.) #.(#!.,''& 4)

| 5860(-)."#8%8& (%)$-(3%2)+, ) 1162)/$8.

IIIIIIIIIIII

E(1)= E(! =0)+ i—| 1+ 21T
| 8(94$-&(%:) T

16




Expectation value vs. derivative

* We have now seen two ways to calculate the dipole

moment:

expectation value

-

u="11

\

[o ]!

\

J

VS.

energy derivative

r IE | 2
Ho=1 d_'l
N - =0
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Expectation value vs. derivative

e Equivalence? !

r - A
d_E—|||ﬂ |
dx ' dx '

" y

with 19 = 1§

r N
de | . B

!d_!_ Llp|! #=p

" y

Hellmann-Feynman theorem!

WF normalized:
I |r"=1

FPO ! p' such that
W

modifies V.

I Dipole moment as energy derivative

| Equivalence to perturbation theory expression
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Proof of Hellmann-Feynman theorem for
exact wave function

» Derivative of energy-expectation value: ATt
dE d . dae  df ' .
= i —|||_| + [ ce
dx dx dX E |11
IR
\ J
o
E I "+ c.c.
dx
\ v 1
T
dx
J
|
0  +%"18(#498&3
é )
| de _ |d+q’ K
_ dx dx ) 19




Implications of Hellmann-Feynman theorem

* Only derivatives of Hamiltonian with respect to the
perturbation needed (integrals)

* No derivatives of wave function needed

Generally true?
What about approximate wave functions?
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Example: Hartree-Fock wave function

Infinitesimal perturbation
| |

' HF .
L Y et
HF variation:
Ene ! Enr + TEnr Normalized WF
= Enr + U pe [0 e+ 1 e [ e
'DHE g ’ 51 L HE W
l—— IR+ e |19 ] — !
\ J
Y
HF variational condition: -0
lEqr =0

No derivative contributions in HF wave function
Il Hellman-Feynman theorem valid (in the basis-set limit) ,;



Example: Hartree-Fock wave function

* Why Hellman-Feynman theorem not necessarily
outside the basis-set limit for HF wave function?

*Incomplete basis ! variation is being performed within
a subspace

* Proof only valid if derivative and variation within the
same space

full space | 1

subspace of
variation
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Example: Hartree-Fock wave function

* Hellmann-Feynman theorem valid for Hartree-Fock
wave function in the basis-set limit due to variational
nature of theory

e Qutside the basis-set limit: Does perturbation change

metriC? _ " THERT] /Sl-ll - ” |J- | '
Log = 1" p | = MIO Cvq Sy

l R. )2
"HHY$E. " ($e(r Ra)
O:! M H! +C C
p!

Sul

5100/$%%7!8%/$%),-1(.1/)9$0'2)'+ XL =0
) B&I&) 1%, (%68)2()%(, ) 21#1%2) (Vo). 1.: 8. (FY(*-$%<1) (+) 1)
/1,%) | 5l00/$%%7!8%/$%),-!(.1/)9$0'2
. 7 101*, #)+'102)=+(.)2'#(01)/(/1%,>
X 061013, *((.2'%$,18)=+()<!(/!,.*)#!.,1.:$, (% &> 3



Derivative theory

Useful concept: we can calculate
properties as energy derivatives
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Examples of derivatives and their connection
to properties
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Derivative Obsenable
dE . . . .
ar, dipole momert; in a similar manner also multip ole
momerts, electric Peld gradients, etc.
2
dﬁl% polarizability
d’E N
andl-dr- (Prst) hyperpolarizability
SITE_ forceson nuclei; stationary points on potential energy
|
surfaces,equilibrium and transition state structures
2
dg- oIIEx- harmonic force constarts; harmonic vibrational frequencies
i GX;
d’E : L ) .
m cubic force constarts; vibrational correctionsto distances
and rotational constarts
4
ngkdxl quartic force constarts; anharmonic corrections to
i GX;
vibrational frequencies
2
dg% dipole derivatives;infrared intensities within the harmonic
[l
approximation
d’E o s . "
axdr - polarizability derivative; Raman intensities
2
B magnetazibility
d2E o . .
T nuclear magnetic shielding tensor; relative NMR shifts
dej dB! 9 9
_@°E_ indirect spin-spin coupling constart
d’E : _ . . .
dB, dJ- rotational g-tensor;rotational spectra in magnetic peld
d’E : . , . .
ik dB, nuclear spin-rotation tensor; bnestructure in rotational
spectra
dE . o . .
dm spin density; hyperbneinteraction constarts
d’E .
s dB, electronic g-tensor

J. Gauss, Modern Methods and Algorithms in Quantum Chemistry, 3, 541, (2000)

and many more
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Potential-energy surfaces & geometrical
derivatives

* In Born-Oppenheimer approximation, the potential-energy
surface (PES) is a function of the molecular geometry

* Taylor expansion around a reference geometry
dE | 1 d°E | 2
E(x)= E(xp)+ — X! Xo)+ = — X! Xg)°+ ...
(X) (Xo) dX!xo( 0) > & !Xo( 0)
molecular gradient molecular hessian OO
| forces I vib. frequencies

 Needed to locate and characterize critical points
Minima! (meta-)stable geometries
Saddle points! transition states

* Relationto IR! vibrational frequencies, spectroscopic
constants, intensities

27
Fig: https:// www.mathworks.com /help/matlab/ref/surfc.html



NMR parameters

Expansion of energy with respect to magnetic moments
I and magnetic field "

(due to interaction with vector potential, see also part 2
on magnetic properties)

e dE_ 1 &E , 1 dPE , &E

E(mMB)=Eg+ —m+ —B + = + — m< + Bm + ...
(MB)=Eo* 3m™M* 3B 2de5 2 dmdm dBdm
related to related to NMR shielding
magnetizabilites (coupling between B and m)

v
related to spin-spin coupling
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How to calculate the energy derivatives?

In principle two ways:
Numerical vs. analytical derivatives

29



Numerical differentiation

* Numerical differentiation (symmetric form)

dE | C E(Xo+ ! x)" E(Xo" ! X)
dx ' 21 X

0

looks rather simple..., “no” new code needed
Why bother doing anything but this?

Important questions:
 What does it cost?
e How accurate is it?

30



Cost of numerical differentiation: Gradient

dE |  E(Xo+ ! x)" E(Xo" ! X)
dx -, 2! X

Gradient, geometry
/optimization
* Example: differentiation wrt nuclear coordinates
* Number of atoms Nyyg '
3 per direction (x,y,z)
* 2 per derivative

6 x Npyg calculations
(more for better approximations)

I Scales with number of atoms
I Will become prohibitive for larger molecules
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Cost of analytical differentiation: Gradient

* For Hartree Fock, most time-consuming step is
derivative of the two-electron integrals with respect to
nuclear coordinates (see also later)

*Number of integrals 'l [ "#" 1 M@ | .\ V@
*Number nuclear coordinates! 3 N _ "
TR AT 2
= | T ES + #E' + ...
Xa | TXa TE

J

EQO <%06)'1)%>)))))).%+.-.A?)
* Number of derivative integrals is 4 BF (centered @A) x

3 coordinates x M@ 12 M@
@ 9H(—+$%+:)A>)$%$06+1)B-$2'.%-+)2(.&)C<5)&/$0.)*"+,)%39

$+(9&D)



Cost comparison for HF gradient

"H$%&' () +&,,$%$-.&(.&-  0-(01.&'()*+&,,$%$-.&(.&Y-

"#'S o YO 78"#"%9:)1++52* "*# 4(;
I &'()*+"-./] '"0123*4'56(.52+ <5*+05."+'()*",-./ '0123*4'56
(.52+

Possible to go to larger molecules when analytical derivatives
are available.
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Accuracy of numerical differentiation

dE | C E(Xo+ ! X)" E(X" ! X)
dx!XO' 21 X

* Accuracy is dependent on step-size AX
*In the limit of AX™ 0, we would get the exact results

* Hence one would in principle want to choose AX #$%
PI#&E&EYHI%' ($P)* &+

* However, this in practice not a good idea...
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Accuracy of numerical differentiation

)*"+,"4(-%$(!.,

Example: Energy converged to 10%Dg ;— h e e (e

I Errorin gradient: 2410 0%$2"+"TBY #
According to 2-point formula 21 X
CD Cc
Cc CD
cry crye

* Ax too small: Round-off errors!
* Even more problems with higher derivatives

35



Accuracy of numerical differentiation

* AXtoo large: Contamination from higher derivatives!

dE | 1 d’E | 1 d®E |
E(x) = E(xo) + d—: (X! Xo)*+ 5 —2= (x! Xg)?+ A _3} (X! Xo)+
X XO\_A'_J 2 dx Xo 3! dx Xo
X
For Xx=Xy+! X
dE | 1 d’E | 1 d°E| 3
E(Xo+ ! X) = E(Xo)+ el (' x)+ 3 ral (! x)%+ kTl (I x)3+ ...
For X=Xg-! X
dE | 1 d’E | , 1 &E| .
1 = - I 1 - | | - I 1
E(Xo! ! X)= E(Xo) + dX!xo( X) + > XZ!XO(. I xX)° + 3 dxslxo(. 'x)°+ ...

— contamination,
grows with AX
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Accuracy of numerical differentiation

dE | E(Xo+ ! X)" E(Xo" ! X)

3
bt B + O(! x7)
. I
dx 2! X /
X0
_ small step size
roundlng errors, convergence, etc.l E
| E tight convergence
errorr O — |
| X larger step size

numerical differentiation ! times O

37



Accuracy of numerical differentiation

Possible to use higher-order polynomial for the to
approximate the derivative but then even more
calculations derivative needed:

(, points! (,-1)? order polynomial)

For example, rather than the 2-point formula
the 4, 6, etc... formula can be used:

X)) ! (! x)
- 2

S8 (x)! F(I X! F@x)! f( 2))]
- 12X

_ A5 (x) ! F(Ex)] 9ff 2x) ! (P X))+ [F(3Bx)! f(! 3X)]
6pt: b= 60x

2pt: b

4pt: b

38



Accuracy of numerical differentiation

* Or more generally:

%lf(k)& 1/'2f (&
f (k) = (lgpa; (K '#ko% k2 (k! #!<o)$
Koy ke T § WK k$'_ o
b C
*Solve for coefficients  ~ . .
12 (207 (20° .. FfbE [ FEo
1 X (3x)2 (3x)° .7y cm  §fExT
Ac = f
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Accuracy of numerical differentiation

Remaining issues:

*More calculations needed for fits to higher-
order polynomials

*Still unclear what a good step size is. This
needs calibration (more calculations).

40



Analytical derivatives

*In principle exact

* Require explicit expressions and their implementation
(traditionally new implementation per new method
with some re-use)

e Often less computational cost (as compared to
numerical differentiation)

* Differences whether or not methods are variational
(constrained /unconstrained) or non-variational

41



Numerical vs analytical differentiation

numerical analytical
accuracy limited high
efficiency low high
freq. dependence no yes
imaginary pert. only with complex yes
wave function
implementation easy demanding

I Analytic differentiation preferred if available

42



In t

ne following we will deal with analytical derivatives
the ,tricks” to use in order to get the derivatives

ano
wit

n as low computational cost as possible
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Explicit and implicit dependence on
perturbation

* Energy expression, dependence on the perturbation
* Wave function parameters " (MO coefficients, amplitudes)

E(x)= 1 (C(lx» | @l(x) |1 (e(x))"

implicit dependence  explicit dependence implicit dependence

* In general case need to consider both implicit as well as explicit
dependence on perturbation when differentiating, i.e.

|
— + - ¢ change of WF wrt

dx I X lc !X !X pertubation x = wave

¥ function response

explicit dependence implicit dependence

44



Variational wave function

* When WF is determined in unconstrained variation
then (as per definition!)

1 E
1c

| )
=0

\. J

* |t follows: dE(X) |E hE |
— +
dx I X ! L

=0

* This means tlhe response of the wave-function
parameters - —C does not need to be calculated to obtain
the gradlent

45



Examples for variational wave functions

* Hartree-Fock (HF) energy in an unconstrained
exponential parametrization

|1 APl =exp(" )]0, I ="1I

* Full CI (FCI) wave function as an expectation value

I FCI ||_q)|| FCI n !EFCI

FCl _ —
E B |1 FCI || FCI® =0

46



Constrained variation and non-variational
wave functions

* If wave function is constructed via constrained variation
or in a non-variational manner, in principle response of
wave-function parameters needs to be calculated

de(x) IE lE Ic

+
dx | X lc !X

I, @

doesn‘t vanish needs hence to be calculated!

* Possible...., will need a set of equations per
perturbation

47



Example: HF gradient

* HF energy
! 1 I 1
EHF — DH' hw + — DIJ-! D..# IIJI | " _|u| |#l|||
2 . 2
p! u!"#
* Differentiate de(x) _ 'E 'E'c
dx I I ¢ |
HF | I : I | | | | " oo
9 = I:)llll|hul +% Dy Doy UI |#$#%' u|)1$#
dx o I X i % !
I | ! tH °
| P; hy + Dy U | #3'# %!u" | $#"
ut "#

* would need to solve for perturbed wave-function
parameters! coupled-perturbed HF (CPHF) equations



Perturbed MO parameters

* CPHF equations from differentiating Brillouin condition

if =0 or Roothaan-Hall equations
dX al
* Parametrization | o CPHF coefficients
. r X
lx Cup U r
P

* Linear equations for U,

; } X — X
(la! 1)UL + (4"ab|ij #!" ab|ji #!" aj | bi#) ég = B
b ]

1t y N —
S R 5 (4"am | ij #!" am | ji#!" aj | mi#SY,

m

can be solved iteratively.
cost: Noyex MA5 (integral transformation) ! expensive!l! 29



Perturbed MO parameters

| 1"HSY O HS1 Y0VBRY0 H("H) +),+* (Yot (-Yoi
9%/(,/0% #3198, &) (4" &#.*/*5%(%/6 T#

18"+, (4" &OHY6& 3"\ YoH6(*(4"&*14(:# " 3HY% &Y% 1
06<./%664" &HSA(-#/%6.%) (#("#.%I(,/2*(4"&
'Yo.%8 Vo8 (#.**5% (%6 #

| BOb(-"H#"3H=:/* 8 YoH 5, +(4.+4%6/6
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Method of Lagrange multipliers

INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY, VOL. XXI, 939-940 (1982)

Simple Derivation of the Potential Energy Gradient for an Arbitrary
Electronic Wave Function

TRYGVE ULF HELGAKER
Department of Chemistry, University of Oslo, Blindern, Oslo 3, Norway

An analytical expression for the potential energy gradient was first given by BratoZ [1] in 1958 for the
closed-shell Hartree-Fock case. Over the last few years analytically calculated gradients [2-13] have been
extensively used for studying molecular potential energy surfaces, and much credit for this development
goes to Pulay [14,15]. The purpose of this letter is to present a very simple derivation of the expression for
the gradient for an arbitrary electronic wave function.

Consider an arbitrary wave function ¥(p;) which is uniquely determined by the » parameters {p;}. The
expectation value of the energy E has been minimized with respect to the first m parameters subject to
the constraints

Ci(pr.pa,- - . Pn) =0, )
ie.,
OF aC,
Y S k=0, i=12,....m, )
opi op;

where [, are Lagrangian multipliers. Examples of such constraints are the orthonormality of the molecular
orbitals for HF functions and the normalization of expansion coefficients for CI functions. We wish to derive
an expression for dE/dX, where X is a parameter determining the molecular electronic Hamiltonian H.
We note that, since dCy/dX = 0,

dE dE dc, d OF op; 0Cy Op;

=4k "( rr = ”+z(kz——"—p)

dx dx T U dx \ax|  Siopiox 5 op: 9X)
d ack)apl
==+ | =+ 3
(di} ,Z.(ap, heapdox @

For each of the optimized parameters the contribution to the sum vanishes due to Eq. (2), whereas for each
constant parameter the contribution vanishes due to dp;/dX = 0. Thus Eq. (3) reduces to a summation
over parameters that are neither constant nor optimized. These parameters {u;} may conveniently be termed

unstabie:
dE _[d OF du; | ( 2Cy bu,)
i B ! 4
ax <dﬂ Tomox T T o ox “)

From this expression it is easily seen that all stable functions, in the terminology of Hall [16], obey the
Hellmann-Feynman theorem. Conversely, any unstable parameter may give rise to an additional wave
function force. Important examples of the latter are orbital coordinates fixed on the atomic nuclei and orbital
coefficients in a conventional C1 function.

First paper on this (within quantum-
chemical context)

I cited 12 times (according to google scholar)
I Trygve’s first single-author paper (pre-PhD)

Better known:

I $%&'()*+,-../%01-2.)%3*4,)5*)%64*%,-., .- BO&YY%
;.)00)1)&)*7/%5)*+<-1+<)0=%5)*+<)5%'0+&7%1>)%1>)4*/
?-T*-&7+-&68B%&™ ()*"+,%4-$I0"  ,%)!1%2$%3%$%&)!14,
@>)48B5+(A%3$, 1" ,%55H89%:;<=<358%7?@A)A@B!0

I B4'3.)5%,.'01)*%)&)*7/%5)*+<-1+<)0A%$&-./1+,%C)00+-&
1>)%,.40)6>)..%,4'3.)5%,.'01)*%0+&7.)0%-&5%54'2.)0%
D-<)%6'&,1+4&E% @>)4*/%-&5%- 3 &AW EBLMD;%E&$%.$%
E)$%."10",%HB%!0"! ,%#$%&™ ()*"+,%ABI0GEED)! 1%
&$%J$%H?D)" K AY%BL)(A66;HFERB<TB<BM%:;<<M>%
=%?@A)A@B!0
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Method of Lagrange multipliers

* Set up energy functional (Lagrangian L) with side condition f
* Side condition written such that {f (x, (X)) = 0 J

* If those side conditions are fulfilled, Lagrangian is equal to the
energy itself: L=E

* Lagrangian: [L —E+ |f

l side condition
Lagrange multiplier
: : I
* Enforce statlonarlty! L H 0 and L A 0
= — =
lC |

~ ~
%(,"*! B)F)%(BG 2'91&):$*H)&'2!)*(%2",'(%)



Method of Lagrange multipliers
L=E+!f

* Stationarity

L 'EMf

—= —+"— =0 1 211./'%!&) !
lc Ic I C )

AGIE)#., 138, (% 6%21#19%21% )=$8)*(/#5.12),(hH))>
fl L )

—=f=0 | 21,1./'%I8) c
\_ )

2'91&):$*H)&'21)*(%2", (%

e Note: derivativewrtc! #
derivative wrt #! c



Method of Lagrange multipliers

* Hence for the gradient:
dL(x) _
dx

lc |
lLetx Ml

IR B

I 'We managed to avoid having to solve for response of wave
function parameters to perturbation!

| L .
4
| X

\

dL(x) _ !L '

dx | X | X | X
\_ _J

| E | f
+

In addition as compared
to expression for
variational methods.
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Method of Lagrange multipliers

* Constrained variation: side condition corresponds to
constraints that need to be fulfilled. Example:
orthogonality constraint of the orbitals for Hartree-
Fock™

* Non-variational wave functions: side condition
corresponds to the conditional equations that are
needed to get the wave function parameters (solved
anyways)

*note that HF can be formulated in unconstrained manner using orbital rotation
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Lagrangian expressions: Hartree Fock

* Hartree-Fock Lagrangian:

! 1! 1
LM = Dby + 5 DDl [EUH# Sl | #
p! | 2u!"# 2

N/

[
sL)

| T . EO
# 2 $j CpiSu!C!j#o/ﬁ)
Du =2  ©,;0 i

I u!

s ((<(%$0",8)%(%&, $% i I 1T = T
. 1$<.$%<1)/10,'#0'.8)=(%!)#.)*(%&, .$'%,>

=0 I Hartree-Fock equations
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Hartree Fock gradient

* HF gradient:

HF I HF rI | | | || n 1 || n n''
dE _ILME [ the 1ot e L | s
dx | X i X2, I X 2 Ix
! ! W, S L | EHF
! I X |
M ' X

» Energy-weighted density matrix
WH! =2 CLi!iC!i

* Essentially only integral derivatives required!
* No derivatives of the density matrices
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Reminder Coupled Cluster

CC wave function ﬁ! cc!=¢eP | HFJ

P=TP + B+ 444 B

P = t?é, 6 B = ta 8,8,8,8  amplitudes to,
ai abij

CC equations

Amplitude equations o |

CC energy ] HF |e| -pl_q)e-p | | HFE v _ ECC

\_ J
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Lagrangian expressions: Coupled Cluster

e Coupled-Cluster Lagrangian (non-variationall!)

4 N

L =] 1M 1exp(" P exp(P)|! "F¢ ¢
%
+ 1 exp(" P)RexpP) |! 4

\ 0] y

> Amplitude equations (determine the CC amplitudes)

— Lagrange multipliers (one per constraint)

e Often written as

[LCC =11 HF @+ " )Yexp (" P)9 exp (P) | ! HF#]

J-) 20 S (% (#1L.$,() PRt = i
P
59



Lagrangian expressions: Coupled Cluster

* Full CC Lagrangian and required side conditions (from t-
amplitudes and MO-coefficients ! orbital relaxation)

LCC =11 HF | (1+ " )exp(n 'p)l_q)exp('p) | ! HF# E + amplitude

equations
+ VAP f ai T | pq(Spq I pq) " orbital relaxation part
ai | pq |
Brillouin condition orthogonality
(HF minimal condition) condition of MOs
wf parameters 1: CC amplitudes ty wf parameters 2: MO coefficients c

I Total of 3 types of Lagrange multipliers | o, Z;», 14

60



Lagrangian expressions: Coupled Cluster

or in terms of density matrices (general form)
L°C = Dpefpg+  !pas!Pallrs"+  1pqSpg

g pars Pq

Generalized 1-el density matrix
(contains Zygrontribution)

density matrices (contain tg and $5 amplitudes)

Dpg = 11 M7 | (1+ "€ P{apaqe” |1 7
! pqrs = I" HF | (1+ #)e! -p{apaqasar}e-p | n HF n
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Lagrangian expressions: Coupled Cluster

* Derivatives with respect to the wave-function parameters

| LCC
=0 " equations (determine ! ,)
1, | AlI212),0&!,)1#)=1%.10$"12>)KK)21%&" €
! LCC
T =0 #-vector equations (determine Z,,, lo;)

I Perturbation-independent equations

| L&C . .
=0 gives back CC equations

" p
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Lagrangian expressions: Coupled Cluster

LCC = quf pqg T | ! pagrs 'pq ” rs” + | Ipqqu
Pq pagrs Pq
* Gradient
dECC | L CC ! _ ! } !
[ i = — < = D'quéé) + ! pgrs PO || rs™ + Ipqsl)o(q
. pq pars Pq

Notation: only the integrals (but not MO coefficients are
differentiated!

! I h ! Lt || #S
(x) = IR scr ! |
fpé - Cup I x + D% T x Ciq
mn "t
! | ' n II #$|
n —_ | ' " l’l‘
Ipq” rs" = Cupc"q | % CirCys
e '
! | S
X — o SPul
S = G, Ca
p! '

For implementation expressed in AO basis
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Flowchart CC gradients

Solve CC and # equations (*N-, N-, ...)

L

Build CC density matrices (*N°, N-, ...)

L £

Transformation of densities to AO basis (~N/)

 §

r

Contract with integrals derivatives (N°, no storage)

\.

J

Computation independent of Ngg-

for geometrical gradients: independent of number of atoms
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A note on orbital relaxation

* For the CC (or MP, Cl, ...) wave function:

[!:!w

MO coefficients amplitudes (or Cl coefficients, ...)

l switch on perturbation x

[ =100 100)] o 1= 1 (0).t0)]

MOs may react to the Perturbation only switched on for

perturbation correlation treatment
NO orbital relaxation

* Choice whether to include orbital relaxation, i.e., terms
that stem from the HF wave-function parameters
(Brillouin & orthogonality condition)
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A note on orbital relaxation

* Relevance of inclusion depends on type of perturbation

* Perturbation changes the metric

dig:()!

inclusion important

X
* In particular for geometric perturbations a must (correct gradient)

e Perturbation does not change the metric! free choice

e Electric field

* For frequency-dependent perturbations, consideration of orbital
relaxation leads to additional unphysical poles (from HF) ! not

recommended
L")

1]
J exc

"O?

Wpole = (E(".‘I‘(' — EU) /h

W,

# pole plosition at excitation'frequency -
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Take-home messages lecture 1
| 1"#$%" & % ()*+,)-%)*+.%/.+&%0)+()%,%"12)0%"3+&
1 4,+.2&'*)0'55%"%,&'+&'#,)')$"%5%""%0) 6+**/"+*2) 7

19" &L & (ROL&Y O+ 196)&0%) 08 ) 4 y<+(%):#
)63+, 0'&2WH5)=0%..$%2, +,)&9%H#"%:8

| @Y6&IHOVHE)ATL"F,106):/ &'S. %" () ()/(%65/.)&#)1%8&)
69%55*0%, &8)%BS % ((#.()5#")&9%)0%" 3+& 3060+
3+ H&H +.): Y6&IHO()

!CS%S/.,%( HE)' * J('#,JHEWH"-'&+.)" Y. +B+&#,)0%$%,
)5 H$6"8.2
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Reminder: method of Lagrange multipliers

* Set up energy functional (Lagrangian L) with side condition f
* Side condition written such that {f (x, (X)) = 0 J

* If those side conditions are fulfilled, Lagrangian is equal to the
energy itself: L=E

* Lagrangian: [L —E+ |f

l side condition
Lagrange multiplier
: : I
* Enforce statlonarlty! L H 0 and L A 0
= — =
lC |

~ ~
%(,"*! B)F)%(BG 2'91&):$*H)&'2!)*(%2",'(%)



Reminder: method of Lagrange multipliers

* Hence for the gradient:
dL(x) _
dx

lc |
lLetx Ml

IR B

I 'We managed to avoid having to solve for response of wave
function parameters to perturbation!

| L .
4
| X

\

dL(x) _ !L '

dx | X | X | X
\_ _J

| E | f
+

In addition as compared
to expression for

Only contributions from explicit dependence variational methods.

(perturbed integrals) needed .



(2! +1) rule for wave-function parameters

* One can show that the , -th derivative of the wave-
function parameters is sufficient for the calculation up
to the (2, +1)-th derivative of the energy!

[ c23] E14256ﬂ no response of the wave

function parameters
ired
%LD)" (:&'2||9$,I9|)(+)|%|<8)/ require

%LC)" M $%2)N21.'9$,'91)(+),-1)1%!.<8)
WLM)' O $%2)P21.'9$,'91)(+),-1)1%!.<8

 Holds for variational wave functions

e Holds for constrained variation and non-variational methods
when Lagrangian is used
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(2! +2) rule for Lagrange multipliers

 Similarly, one can show that the , -th derivative of the
Lagrange multipliers is sufficient for the calculation up
to the (2, +2)-th derivative of the energy!

[ )\]23| El4254i

%LD)" ¥ $%2)M21.'9$,'91)(+)!1%!.<8)
%LC)"  N) $%2)02!.'9$,'9!)(+),-1)!%!.<8)
WLM)  P* $%2)02!.'9$,'91)(+),-1)!%!.<8)

7'.&.)5(%,. 1, (%) $H#$.8)+(.),-.2)2!.'9$,'91)(+),-1)1%!.<8G
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Second derivatives

* For the second derivative, according to the (2, +1) and
(2, +2) rules, the first derivative of the wave-function
parameters -' #is required, no derivatives with respect

to the Lagrange multipliers . '%

(RPE
kdxdy

1 21
I xly

+

12 I¢c

I x!Icly

+

12 I¢

Iyl ¢l x

+

12 Iclg

lc2Ixly

J

* Equations for the perturbed wave-function parameters
via differentiation of their conditional equations wrt to

the perturbation.
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Second derivatives

* Depending on the perturbation it can be advantageous
to differentiate the first derivative leading to the so-
called asymmetric expression

" d?E d!L | 2L 12L Ic 2L 1

= = + +
kdxdy dy!x Ixty Ixltcly IxI" ly

J

* No derivative of c wrt to perturbation x needed.
* Instead, derivative of # wrt to y needed.

* Order of differentiation: Example NMR shieldings:

* Perturbation 1: Nuclear magnetic moment, Ny *3
components

* Perturbation 2: Magnetic field, 3 components, two sets .



Harmonic frequencies

* Typical example: harmonic vibrational frequencies

* Taylor expansion of the BO potential around
equilibrium geometry & cut after harmonic
approximation

13|\!|at0m I 2V u
BO ' " e T e
VEO I Vgt — SR (< X (X " X5
i I eq
elements Hjj of Hessian
13|\!|atom
! Veq+ é Hij I X! X
. Ij . . ' _ n BO
*|nsert into nuclear Hamiltonian My = Puc + V
3N atom 2 3N atom
y 1 1 | 1
e = ! > M—||—2+§ Hij!Xi!Xj

i PO i :
couplings



Harmonic frequencies

* Introduce mass-weighted coordinates x = M;! x
3Natom 2 3I\1|atom
A R S 170m H;
. . . Kep .
* Diagonalize K matrix to construct new coordinates
from the eigenvectors L KL = L!
*Build normal coordinates @, =  L;x
. 1 3|\!| atom I 2 1 3|\!| atom 12 3|\!| atom . b|
19 =1 = 4+ = "2 = 9. separable
e 2 ! .2 2 Q : | harmonic oscillator

| |
no couplings

evibrational frequencies !i= " normal-coordinate analysis
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Expression for HF second derivatives

d;EHF _ dILRe . !|2h|u! , 1 Dyt Do I | #8, }!Z!U"'I$#""
xdy dy !x " I xly 2“!,,# I xly 2 Ixly
! | p! !IZXSI'“;
! ' -
. ! Dy hy N ! P, " "u" |#$#! 'y |$#q>
" 'y I X oy I X 2 X
' oW TS
' N ly IXx
with
ez eiealst -2 {'CL“’/'OCMCN"/P!%}* Ty

i i ' ij

(2n+1) ! Derivative of MO coefficients needed! CPHF equations
Shown here: asymmetric expression
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Flowchart HF second derivatives

f

SCF calculation

~

a4 ! N
Transform integrals
J
 : \
Solve CPHF equations, get Ue)a(i
J
!
! ' D
Obtain ! and L
I X I X
¥

— N\ N\ C X7

Calculate second-order property
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Expression for CC second derivatives

d?E 2] 2L 0¢ 2L 1¢c 1?1¢g!lc

*symmetric expression: g = iyt ey ivicix T T@IxTy

Ixly Ixlcly lylclx Ic2lxly

°E = 10[(1+ # T °H
— +
ey = 1L+ #) expC T

F10/(1+ #)exp(" T) o exp(T), S G llo

exp(T)|0#

| H
+10[(1 + #)[exp(" T)—yeXP(T) ]IO#+
dT] dT
“dx 7 dy
Skipping here the contributions from orbital relaxation

(2n+1) rule ! first derivatives of t amplitudes
(2n+2) rule! no derivative of | amplitudes

+10|(1 + #)[[exp(" T)H exp(T) 1|O#
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Expression for CC second derivatives

. . RE  diIL 12 otz frc) e
e asymmetric expression: xdy - dyix - ixiy *ix EW} Xy

.
lllll

°E 10](1 + # T °H T)|0#
—_ + 1
dxay = O #)exp(" T exp(T)]
I
+10](1 + #)[exp(" T)% exp(T) CCII—;] O#+

llllllll

llllllll

Skipping here the contributions from orbital relaxation
full differentiation of the gradient expression :

| perturbed CC equations wrt $

| perturbed! equations wrt %
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Harmonic constants ! _ of BH, CO, N,, HF, F,

CCSD(T) 42 CCSD(T) " CCSD(T) 9
cc-pCvDz cc-pCVTZ cc-pCVvQZz
__._*_._
250 250 250 250 250 250
CCSD CCSD CCSD
cc-pCvDZ 34 cc-pCVTZ 64 cc-pCVQz 71
y G D
250 250 -250 250 -250 250
MP2 MP2 MP2
cc-pCvDz 68 cc-pCVTZ 81 cc-pCvQZz 73
250 250 250 250 250 250
SCF SCF SCF
cc-pCVDZ 269 cc-pCVTZ 288 cc-pCVQZ 287
250 250 250 250 250 250

7'#$89:8(&;<!1=&'8;&>"?'&82#"&@8#28A&'+B!"+B&@

incm@
CCSD(T) 10
cc-pCVvs5Z
-250 250
CCSD
cc-pCVvsz 72
iV
-250 250
MP2
cc-pCV5Z 1
T
-250 250
SCF
cc-pCVvsZ 287
-250 250
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Summary

* Properties as derivatives
* Numerical vs. analytical derivatives

 Lagrangian techniques for constrained variation and
non-variational wave functions
* Avoid calculation of response of wave function parameters if
possible

* Expressions for gradients and second derivatives
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Part 2
Magnetic properties
and molecules in magnetic fields



Contents

*Introduction into electromagnetic fields

*Derivation of Hamiltonian with electromagnetic
fields

*Magnetizabilities

*Gauge-origin dependence in quantum-chemical
calculations

*Further magnetic properties
*Strong magnetic fields
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Fields, Forces, and Potentials

* Particles can be charged

* Charged particles interact

Coulomb force
(Sl units)

charges z and zs

<

-

FCOU| — 1 lezr
- A", T3
\_ \ J

vacuum permittivity

* Charge generates electric field

* Second charge interacts with electric field (feels force in
the electric field generated by z,)

r

E =

- 1 z
I 1r

~

" 3—
Zo A" 5r )
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A quick reminder...

Nabla-operator (vector) | = ! |'_$
|
[F3 1f T
[} ] WO‘
Gradient (on scalar) ! vector I f = Wé
!
3
A A LA
Divergence (on vector)! scalar | A= | A Y ‘
X 'y l Z
LA, 4 LAY T
" IIAy IlAZ 0'
Curl " A:#',ZX#',XZé
A LA,
|xy # ly
Curl of gradient "1 f =0
Divergence of curl L a(!" A)=0
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Fields, Forces, and Potentials

e Coulomb force is conservativel F = 1" V

* Electrostatic potential generates the electric field

1 2,2, 1 z;
F = I E = r
— 4"y r3 ~ — 4" gr3-
f-I1<,  #1%2$ [ E- £ ] $-52'%2$-!
o v]‘ Y[l B
|
:/;'/1<,O/l$&m(- :_$2|%/+l(mz)/l$&m(_
1 z7 For charge 1 z4
V= distribution ! (I) I =

I pion (L) ary T
0= g pi
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Fields, Forces, and Potentials

* Fields are associated with forces

* In quantum-mechanics we work with potentials rather
than forces (see Hamiltonian...)

* For conservative forces, the potential is related to the
force simplyvia F = I V

| Easy to work with potentials

89



Moving charges and magnetic fields

* A moving charge furthermore experiences a Lorentz-
force

[ELorentz — z(y! 5 ]

— T

deflection perpendicularto B magnetic field

* Additional non-conservative force!

force is dependent on velocity!

* Forces on matter through E and B
Il Coulomb- and Lorentz forces

[Em=2@ﬁ2!§)
/ \\

7
electric part magnetic part

to as Lorentz

often referred
force

Straightforward to be used within Newton‘s formulation of classical mechanics! 90



Moving charges and magnetic fields

*In the case of a non-conservative force, the relationship
with the potential is not as simple...

FE"# V

* How can we then get access to the potentials?
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Maxwell Equations

| I"HS%&&Y6() - 10,1429 +.'4,0'%&%5+0,26-"7+

connect $ and Y%as well as charge density &and current "

e=- || 1B=0

A / ' N =7
N
/'\charges create electric field no magnetic monopol
B 11
! n E — # _— I n — . + -
[ — 't ] [ B = #Hol c? |
time-dependent magnetic field currents generate
generates electric field magnetic field

Lorentz invariant
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Potentials of electromagnetic fields

e Lorentz force not conservative ! cannot be traced back to a
simple scalar potential!

* Limiting cases:
*E20,B=0 E =1" |
« B£0, E=0 = 1" A (fulfills 2.MEQ: ! B =0)

Ais the so-called vector potential which is
associated with the magnetic field. We
define it such that it gives back B
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Potentials of electromagnetic fields

e Lorentz force not conservative ! cannot be traced back to a
simple scalar potentiall

* Limiting cases:

*E20,B=0 E = I" |
*Bz0,E=0 B =1" A (fquiIIIs 2.MEQ: ' B=0)
* E20, B#0 using3.MEQ: !'" E=# l'—tﬁ
I .
" E=#—(1" A
rearrange rhs _ ! tg =)
' E =1 #!l—A
I A can be added since
E=1 —+"f 1"l f=0

I :
. hence no impact

. !A on 3. MEQ
{E:! ) | Tt ] 96




Potentials of electromagnetic fields

observables

E,B

2 x 3 =6 components

unique!

E=1" 11
B=1" A

'A
It

NOT unique!

not observable

1A

1+3 =4 components

This means: Many choices of vector and electrostatic

potential lead to same observable electric and magnetic
fields!
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Choice of gauge

* Different choices of Aand ! can generate same Eand B

* Case 1: E=I"1, B=0
can add a constant to ¢ (because gradient is taken)
* Case 2: E=0, B=!" A
can add gradient of a scalar functionto !
. - LA
General case: E=" 112 B="# A

trans- | | ' but change in E, compensate by
formations

Allowed A=A+ f |
) no changeinB: B(A)= B(A’)

choice of arbitrary scalar function

[
—h

f 1 choice of gauge!

é )
L E(' ,A)= E(' ,A)

B(A)= B(A)
g ,
electric and magnetic fields unchanged!
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unique!

Choice of gauge

E =1

B=1"

A

Ja
It

Gauge transformations:

Usually we requir
potential to obey:

the vector

observables

E,B

not observable

A= A+ " f

I'A=0

,Coulomb gauge”

NOT unique!

Using! “and A’ instead of !
and A will describe the same
fields Eand B

implies also

=!2f:O 99




Choice of gauge-origin

* Example: Static homogenous magnetic field
(independent of time and position)

[Q:const.] [_:!-- A]

100



Choice of gauge-origin

* Example: B in z-direction

0 [A:—(B! r)] 1 P Bzy
B=" 0% 2 _:AZQH B,x $
B 0
0 0
1.
= | A:% 0 $:§ 0 $ -
Ay # A B2+ B,
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Choice of gauge-origin

* Example: Static homogenous magnetic field
(independent of time and position)

[Q:const.} [_:!-- A]

*Equivalent: A'= %(Q! (r" Ro))

f f=12(B" Ro)

* Any choice of R5 is valid as it yields the same magnetic
field!
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Recipe to get the Hamiltonian for magnetic
Interactions

—_—

1$2./- formulation of classical mechanics
(with Lorentz force, non-conservative!)

!

3(4%(-4%formulation of classical mechanics

!

5(#&)./- formulation of classical mechanics

e

131'9$01%,)
+(./110$, (%&G

S—

guantization

v
Hamiltonian with magnetic interactions
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Lagrangian mechanics

q(t,) generalized
coordinates q

Hamilton principle: (least action) path minimizes
action integral Y

S = L (g, t)dt
meaning 1S =0 t1 >(?%(&?$,#;&2"1&|

l variation

Euler-Lagrange equations

Q: Which path is taken for a particle | (Lagrange equations of motion)
moving from q(t,) ! q(t-)? d 'L L 0
dt '@ ~ !'q

q(ts)

Note: Treat Y and @ as independent variables.

Note: For conservative force: L(q,q,t) = T(q,q,t)! V(Q)

(does not hold for Lorentz force!) 104




Hamilton mechanics

|
Definition of conjugated canonical momentum p= %

Hamilton function via Legendre transformation

H(g,p,) = pa! L(q,qt)
basis for quantization

I I
Hamilton eqgs. of motion gi= _H o= ! _H
'p’ I g
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Equivalence of the 3 formulations of classical

Particle with coordinate x=q in 1-dim. potential V(x)

mechanics

Newton
F = mx
'V
I — = mx
I X
1V
O=! — I mx
I X

Lagrange

L=T!V

L = %mx’?! V (X)

d 'L 1L
_ —_— 1 - =
dt  !'xa I X 0
|
0= 'V(X)!m)e
I X

Hamilton

I L ,
p—m—nfx
H(q,p = pag! L
= mx? | ¥+V(x)
_ P

= 5m T V(X)
. !H _ 1V
N g7 X
mx

O:!ﬂ! m

I X

X
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Lagrangian in an electromagnetic field

Task: Set up Hamilton function! Needs Lagrange function L
' Not known for non-conservative force!
I But Newtonian egs. of motion known!

|

Set up &'in terms of ( and A ()"*'+*,+' resulting Lagrange eqs. of
motion are equivalent

Lorentz force EtOt =z(E+v! B)

Newton’s equation with Lorentz force and potentials
' LA
mR=z " LSSk zv# (T#A))

Lagrange function that leads to Newton‘s equation

2
Ty
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Hamiltonian in an electromagnetic field

Define conj. canonical momentum: -
L = %! 71 + ZV&A l ql |
Legendre trafo to get Hamilton function I i$"!%&¢()*+# "

H(g,p,9) = pa! L

mv 2
=(mv + zA)v! T+Z! | zvA
2

myv
= 5 + z! No dependence on A
Express using canonical momentum
| zA)?
= (p _) + 7l Basis for quantization!

2m
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Hamiltonian in an electromagnetic field

é )
| 2
- 2m J

For electrons: z=-e, in atomic units: z=-1, m=mg=1. Quantize!

=1 i"

~

19

_ (B A?
B2

Comment: no
guantization of fields
here

~

b=+ A

kinetic momentum

Non-relativistic Hamiltonian for electron in electromagnetic field!
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Spin contribution in electromagnetic field

* Schrodinger equation does not contain spin )2
* Ad-hoc introduction of spin by Pauli (1927) {ﬁ’ = ('_2) | J

vector of the Pauli spin .-. ! x”
matrices (2x2) =1 y$ Ly =

I 2

(1) =382+ il (B! ) @wme

=62+ i"(pLPp+ ALA+ P! A+
e

.. B! Af=(@! A" AFPE

8% —
28 B |:{>[FP:?+§§!! ]

, - o0trio o _ 10

0 1
1 0 VY i 0 *7 0 !1
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Spin contribution in electromagnetic field

a N\
a N\ | 2

NGO I R TR T
. . \ J

2 2
* 6(#$*%%$6")is obtained when taking non-relativistic limit (c! o)
of the (modified) Dirac equation

I arguments whether or not spin is a relativistic effect

I see Trond’s lectures (we agree that spin-orbit coupling is a
relativistic effect ©)

* Note: magnetic field defines spin-quantization axis. Spin parallel
or antiparallel wrt field () & B).

112



Hamiltonian in electromagnetic field

r—_pz\ Y ) (B2 A
Ehrf=ra == +Bg"
\ 2 ) . 2 , - 2 ,
field-free electromagn. field consideration of spin
o="11i" b=0p+ A

* Expanding bz
b° = (p+ A)*

be aware that the momentum operator does in general not

commute with the vector potential!

114



Hamiltonian in electromagnetic field

( F_jz* sz ) sz )
— 1 ="t |1—+Bs" !
\_21 \. 2 /U 2 y,
field-free electromagn. field consideration of spin
p= 11" D=0+ A
* Expanding bz
b = (P + A)°
=@+ AP+ PA+ AR par = @& + Ap
— ('p’z + AZ + 2Ap Coulomb gauge! I A =0
4 ™

.. ]_ 1
19 = §p2+ AP+ B+ §A2! |

\_ y 115




Hamiltonian

* Goal: Derive molecular Hamiltonian in electromagnetic field

* So far: Hamiltonian for 1 electron via use of the equivalence of
Newtonian and Lagrange eqgs. of motion:
* Find L such that Lagrange eqgs. of motion yield

E* = z(E+v! B)
LA
It
e Determine p and set up Hamilton function H
e Quantize 1 = (p+ A)° |

2
* Consideration of spin and using Coulomb gauge

[ﬁ’= %lﬁz+Alﬁ+§é+ %AZ! !]

me=z 1" | | tzv# ("# A)
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Molecular Hamiltonian in electromagnetic
field

-

\_

L] 1
19 = §ﬁ2+Alﬁ+§§+ éAZ! |

~

J

So far:

* 1 Electron in electromagnetic field

Now: Molecular Hamiltonian! (adding instantaneous
Coulomb interaction, summing over all electrons)

1

A%/ B%!$96(1"-/&"(& ,

G Y@%!$%6,(1"-'/8" (&

H$2/&B%!$96,(1"-/&" (&
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Magnetic perturbations

.. .. . : T 1:
[FP=+C|>0+ Ap o+ B8 1+ A?J
! o o !
' Y L Y ' Y
1%<"(-, A$$1(& HO"& A$$L(& "(1(?8$"2

0(%(1(?&$""2  0(%(1(?&$"2

1 1
\ J

* 1 atomic unit for B, Bg corresponds to 235000 Tesla!

* 1 Bcis very large in comparison to any field we would typically
apply

* due to the “smallness” of typical magnet fields on Earth,
perturbative treatment often sufficient
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Magnetic perturbations

1 7(.)31$%, 1/)*-1/'&,.8)J',-)/$<%!,*)+'102&F)IN$.1),84*$008)

| R%'+(./)!",1.9%$0)/$<%!,*)+'102F)J',-)9!* (. )#(,1%,'$0
T%ﬂo# Ao

1

[Ae’“ = ége“ | r 7 ASSL(&"&'S% (2" &+

| AL*01$.)/$<%!,)/(/1%,&)B  J',-)91* ()#(,1%,'$0)

nuc _ _ | oMy ! I | "=1/137 fine structure constant
AT = A = !

< . r I C.OSYH"CR'SY6(2"/&+

| K(/;'%$, (%E)ABS
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Hamiltonian for static uniform magnetic field

Electronic Hamiltonian in static homogeneous magnetic field (in a.u.)

-

\_

.. 1 1
19 = sz + Ap+ Bé+ QAZ

~

J

[B:constJ [5:!" A

\ /
[AO@ = (B LO)J

Rewrite terms with vector potential Ain terms of B
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Hamiltonian in uniform magnetic field

. 1 1
= i + Ap+ B+ ZA°

Linear term (orbital Zeeman)

1 S 1.
Aoﬁ: §(5| LO) ag = _Ea(io! p) = B aFP Angular momentum

2 2— operator, dependent
on gauge origin
Quadratic term (diamagnetic)
1.._1 , 2 1 12,2
EAO - é(ﬁ ro) = é(ﬁl ro)(B! rg)= é[B arg " (B ro)(Bro)l

1
= éET [LO é;-' LOL-(I;]Q

It follows for the Hamiltonian

1., 1 1
[f‘i’ = S+ SBI°+ Bs= oB'[ro al! LOLE]Q]
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Hamiltonian in uniform magnetic field
[ 4= @ + Ap+ BS+ %AZJ

l

1
[ p2+§BIO+Bs+— [ro al'L_O]B]

Molecular Hamiltonian I

. . o1 !
[w:wo+ é5|.0+ B& +
|

\ J

B'[ro(t)al! ro()ri( )]B]

)

|
G (D) 15 @)

Linearin B Quadraticin B
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Paramagnetism

Consider linear terms in the electronic Hamiltonian for molecule in
a homogeneous magnetic field in --direction (in a.u.)

L1 A T
9 = Ky + éB|92+ BS, + 5 B X{ +y;
i
Angular momenta Lpand spset up a magnetic moment
1
m, = | QLZ! S,

Magnetic moment interacts with magnetic field (dipolar
interaction)

1
! Bmz — EBLZ + BSZ
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Paramagnetism

Consequences:

Reduction of symmetry and splitting of energy levels

/—E.l@
‘ + ms="% :!-spin
= ee " A=

m.=- % : B-spin
B KR

W1 . W1 .
P = ! —é(px +ipy), p1= —é(px! ipy)

Orbital Zeeman Spin Zeeman

Energy can be raised or lowered depending on the orientation
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Paramagnetism

Note:

Orbital Zeeman:
* Trivial (WF is eigenfunction) for atoms and linear molecules
when field is parallel
 Non-trivial, i.e., needs quantum-chemical calculation for
1 .
general molecules 10,1 "B

é.
Spin Zeeman: )
e Always trivial, WF is eigenfunction to &,
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Perturbation theory

* Consider here closed-shell cases (no spin-Zeeman
contribution)

e First-order perturbation theory: 11 © | 19® |1 O = Q@)

1! g
from general 11 ) | = P | ! (0) "B=E (1)
Hamiltonian : 2 | ' |
Y
vector which defines the negative ,permanent 1
magnetic moment” mof molecule due to ' mB = E( )

angular momentum

m:!"!(o)|}. P,||(O)#:""|9¢
— 2
*mis zero for most molecules gyromagnetic ratio 1 = | 2e =1 F8
llle Ll

e atoms: this interaction is responsible for the normal
Zeeman effect e



Perturbation theory

* Most molecules can be described by a real wave

function
| O |G @ =11 @ @1 O

for Hermitian operator O

But: MO X pron
2 | - .
imaginary! B = Vi(r, "# )
! ||(O)| P' ||(O)u:#||(0)| PI ||(O)u'
| |
Contradiction, except if =0

' No permanent magnetic moment due to Orbital-Zeeman
(But due to spin for open-shell cases)

' No contribution from perturbation theory in first order
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Take-Home messages from lecture 2

* For non-conservative forces, we cannot get the
potential simply from F = I" V

* Hamiltonian that involves electromagnetic-field

interactions from Lorentz force! Newtonian
mechanics! Lagrange! Hamilton! quantize

* Ad-hoc: spin! leads to spin-Zeeman contribution

* Observable: fields (E & B), not observable (A & %),
gauge transformations allowed

* Static magnetic field: Free choice of gauge origin
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Perturbation theory

e Second-order PT

exc) states (0) A (1) (1) » (1) ) (1) (0) n
E@ =11 O [9@ [ Oy o9 |!(O) ! (O)“q’ !
\ | ixo Eo” # E|

Y Y
diamagnetic contribution paramagnetic contribution

E4d  Magnetizability, nonzero for all molecules!

Via derivative theory: expansion in B, compare to Taylor

(see lecture 1)
T
E(B)= E(B =0)+ ‘B g4 IgT
) IB'go 2 IBIB'gq

E(B)= E(B=0)! m'B! B}
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Quantum-chemical calculation of
magnetizabilities

* Component in the magnetizability tensor

||2E =
lj = |
lIBiIIBj _B=O
B foAslpee.. 'R 1.
*Needed: ‘10 Rt A+ SRBi+... " _ 28 _ g )
| B - 1B, 2 IETH# )
] 1 ..
* Matrix elements: hy, + 11 | ER |1 "B + ...
\ J
comvplex

* Numerical differentiation for magnetic properties requires
determination of complex wave function parameters !
non-standard in most g.c. codes
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Quantum-chemical calculation of
magnetizabilities

" I B

!:! | W, ls,.lf

Do the basis functions depend on the magnetic field?

| n 2 | n "
NO... 2| |J — Dul _ I:]'I.l' + "D}J.! "hp-!
Bi Bj Bi Bj
u! . o
I
| ety rir | p !H|§R|U"

Derivatives of density wrt B via CPHF
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Quantum-chemical calculation of
magnetizabilities

* CPHF equations for B (again, no 2el terms):

UB' (1a! 1)+ UB' ("aj | bi#t!" ablji# = h¥
b

* Overall, easy enough, no??
Did we miss something??
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Quantum-chemical calculation of
magnetizabilities

* Magnetizabilities of Argon, HF, aug-pVDZ

Rg ! | dia | para
0.0 -4,353 -4,353 0
1.0 -6,020 -7.353 1,333
5.0 -46,039 -79,353 33 314
10.0 -171,100 -304,353 -133,253

* Changes in gauge origin! very large changes in
magnetizability values

* Quantum-chemical calculations of magnetizabilities in
finite basis are not gauge-origin independent!

* Gauge origin can be chosen randomly!
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Quantum-chemical calculation of
magnetizabilities

* Magnetizabilities of CO, HF, basis-set convergence,
gauge origin in center of mass

basis ! | dia | para
cc-pVDZ 4,224 -10,173 5,949
cc-pVTZ -3,354 -10,157 6,804
cc-pvVQZ 2,882 -10,153 7,271

fast convergence slow convergence

not particularly impressive...
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Quantum-chemical calculation of
magnetizabilities
* Reason for the bad convergence of the paramagnetic

term? (see also exercise)
* Consider H atom with magnetic field along z

*Chose R; =0: A

 diamagnetic contribution s |aaal|ss

* paramagnetic contrib. s | o) | 15"

=0 (for whatever is in the ket)

*Chose Rz # 0:

e diamagnetic contribution Il s |aaal|ss”

* paramagnetic contrib. ®=[(r! Ro)" fi,

s [ B ] 1a" (! Ro)" p= Pl (Ro" )

=W [B1"#1 s [(RoS ). ! a"
=0 0
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Quantum-chemical calculation of
magnetizabilities

Problem: momentum operator

O 15 = .."

1 112

1 112
e | Xe
X v

p'funct'ion
Higher angular momentum functions
| problem for incomplete basis
| “bad” results for paramagnetic contribution

Our example:
M1 | B |!a" described without error

P pz) | I 3" of worse quality, not exactly described

In the calculation, it matters where we put the gauge origin (unphysicall)
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Quantum-chemical calculation of
magnetizabilities

2"8)+,64"&69#

@("S6HE*(,[*+#;*,:Yo#t"4; A&HAGH (-Yo#) Yo &(%
A"+%),+%0BH& HE&*(,[*+1* ;%" 14:4&
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Gauge transformation of the wave function

* Allowed gauge trafos (lead to same fieldsE, B)| 1! =1 | l!_tf

* A general gauge trafo given by a unitary trafo A= A4 ) f

| ' . I
Htans | il'—t =exp(!if) H°9!I il'—t exp (if )

* For the Schrodinger equation to still be satisfied, i.e.,

. I v I :
I_q)trans | | ﬁ | trans ﬁ I_q,ong l | o l orig
- It

the wave function compensates by phase oscillation

[| trans :exp(! if )| Orig]
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Gauge transformation of the wave function

such that observables do not change
[” trans | @trans | | trans w — || orig | @orig | | orig ..J

* Example: electron density
!trans ! (| trans )! ! trans — [eXp (n if )| orig ]! [eXp (u if )| Orig]
= exp (O)(! orig )! ! orig # | orig

e Same properties for any choice of gauge related by allowed
gauge trafos! gauge invariance
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Gauge-origin transformation
* For static uniform magnetic field (using Coulomb gauge)

| B =const.| B=!" A
AW
[Ao = (B! (" Ro))

contains arbitrary
gauge-origin Ry

* Already discussed: any choice of Rggvalid.

* Change of gauge-origin from the original one to the transformed
one is related by gauge transformation

—trans (r) — _or|g (r) —orlg (Btrans ) see exercise
)+ ! f  with F()=" Aorig (Ryrans ) @

—orlg

. I _ "
Henceindeed A’ = A+ " f 146



Gauge-origin transformation

For a change from Re=Ry.to R, gthe exact wave function
transforms as

— : t
| Tane = exp[Lif (D] &iF°

= exp [iAorig (Rtrans ) ar]! g;(igct

i
exact — n £ exact
[ ! trans — EXP EEI (Btrans Borig) ar | orig ]

inducing phase oscillations and ensuring that observables do not
change

I ensures gauge-origin independence

' Not necessarily true for approximate wave functions!
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Gauge-origin transformation

FCl Wave function of H, on z axis in a magnetic field of B=0.2 Bg
perpendicular to the bond

7+45=(0,0,0) osr Toyg£(100,0,0)

|

R N

0.4r

0.3F

0.2

0.1F

Wave function, !

Gauge transformed wave function, I"

3 1 1 1 1 1 J ! 0.5 1 1 1 1 1 J
115 11 10.5 0 0.5 1 1.5 115 11 10.5 (0] 0.5 1 1.5
Space coordinate, x (along the bond) Space coordinate, x (along the bond)

10.5

Observable quantity |W|*8ame in both cases!

T. Helgaker lecture notes 148



Distinctions

*Gauge invariance | ,.1_, , !
General !

* Gauge-origin independence
within the specific case of static uniform field

* To be distinguished
gauge-orl.gl.n {ndependence | Fixed gauge-
= gauge-origin invariance origin does not fix
# gauge invariance! gauge completely
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Gauge-origin dependence

* Hamiltonian depends on gauge origin

* Physical properties should not depend on choice of
gauge origin

| ensured by according trafo of wave function

* Problem: approximate wave function does not
reproduce phase oscillation seen before

— ,
[! trans — €XP éil (Rirans BO”Q) A+ orig ]
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Gauge-Including Atomic Orbitals

) i | )
eHow to solve this problem? ' rans =€XP 5B (Ryans " Rorig) & ! orig
e build transformation behavior into the basis functions!

gauge-including atomic orbitals
(GIAOs, also known as London orbitals)

{! . (r,B) = exp(! I—E (R, ! Rp)ar)! ,(r) ]

(London, 1937)

e equivalent to local gauge-origins R

u for AOs

e unique results (but still no gauge invariance)

e fast basis-set convergence

nowadays standard for magnetic properties 151



GIAO naming conventions

Gauge-including atomic orbitals
ok

London orbitals
ok

Gauge-invariant atomic orbitals

not ideal as AOs are explicitly dependent on gauge origin

Gauge-independent atomic orbitals

not ideal as AOs are explicitly dependent on gauge origin
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Elimination of gauge origin

1, (r, B)|6?]! u(r,B)" independent of gauge origin Rr

Cdr exp(B! (R, " Rg) &) (007 exp(" 1B ! (R, " Ro) &)1 (1)

= drexp(GB! (R T R (O 142+ 3B (L7 R ()

I results of quantum-chemical calculations independent of R
=&IMNP0&NO!".*&N&!&&' (%>
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Consequences of use of GIAOs for
magnetizabilities?

[! u(r,B) =exp(! %ﬁ" (R, ! Rp) an)! u(L)]

* From before
* The basis functions depend on the magnetic field
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Consequences of use of GIAOs for
magnetizabilities?

[! u(r,B) =exp(! %ﬁ" (R, ! Rp) an)! u(L)]

* From before
* The basis functions depend on the magnetic field

dPEMF ! 12n, 1 2t | #1012t | s
I.. — — | ll _ | " —
" dB;dB; D“'!Bi!Bj t3  DuDw | B;! B; 5 | Bi! B;
p! pt#
! 125
| A
W Bi!B;
p!
' 1Dy thy ! R TTON R N ITC - T
¥ ! B P ! #5
o 'Bi 1B, I B, 2 IB;
| I Wy, 1Sy,
. !B !B
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Consequences of use of GIAOs for
magnetizabilities?

* Additional integrals

’S%* ($% ) ($ $*)

!ZS% _(!2$% ) ($% I$) ($/J I$) ($ I2$ )

IB./B, \UB ’B# IB. /By /B, /B IB By

Ih%e (,$% ) 0,1 Ry' & p" & +($/ﬂa&—)

1%hgg _(!2$% &@) ($% ($% ($/§a s ) $”’&Irl Ro" & &)
B.!B, \/B./B / 'B# /By . BBy 'B R

1S,
+— $,&H 1 Ro"& p™ 8??) ,$”’&Itl Ro" & p" .. +§ R Ro" & p"#g%)

1% &-' 9
s ($”’$$$) ($%,B$$) (m&—ss) (m&
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Consequences of use of GIAOs for
magnetizabilities?

e Additional integrals (cont’)
v e O O e Of OO
IBy/Bg By/Bg s ’B/'B EE " IBy B E #’B B B/’B& e
3% %%@mm
Bg/By * ¥ B/ " ’B& 1By, * By, #’B& B, #’B/
I,
$EE Jﬂs?@ $/$ '#/B E"'#E BTN /0
$7%
r IB&IB/

* These have to be implemented (all methods)
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Derivatives of the basis functions

i " .
L u(r, B) = exp( Eﬂ! (Ro " Ry)ar)!l u(r)
* Derivative wrt to one component B,

" . (r,B) ! i " :
u\L,D) _ 5(B! (Ro" R)a)
B, = _H(L)! B, e? o Ry

I i " :
- é{(Bo' Bu) " rY, ez(B! (Ro" Ry)a) . (r)

- ii{(ao! R™ th (B

*In the limit " =0 (magnetic properties), the dependence on
Bis removed (e*=1) and the corresponding integrals

become purely imaginary

| can deal with in real analyticcode (bookkeeping of ))
' not true in finite field 158



Quantum-chemical calculation of
magnetizabilities

* Was it worth it (to introduce the GIAOs)?
* Magnetizabilities of CO, HF, basis-set convergence

basis | Without GIAOs | with GIAOs
cc-pvbhz -4,224 -2,642
cc-pVTZ -3,354 -2,612
cc-pvVQZ -2,882 -2,607

fast conve rgence

#"8 improved basis-set convergence when GIAOs are used!
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Terminology para- and diamagnetic

*Reminder: do not confuse:

*paramagnetic/diamagnetic as linear/quadratic
in B contributions to the energy

*paramagnetic/diamagnetic as overall
magnetizability response, i.e., molecule is
attracted/repelled by magnetic field

I closed-shell molecules typically diamagnetic
EPAR, contributions only from EPFE
I open-shell molecules typically paramagnetic
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Magnetizabilities for paramagnetic
molecules

Paramagnetic moleculad *°J37 =

BH XX=Yyy y
ZZ 1 196.0

total ‘

CH?* XX = yy :
27 1 113.6

total ‘

AlH XX =YYy ‘
2z 1 358.9

total L

SiH XX= Yy ;
- | 247.3

total ¢

BeH XX= Yy ‘
£Z | 588.4
total 1 316

G&+$!228&"8!;:H8I#;:8EJK@:H866LH8MLH84C6M

Calculated using CCSD(T),
aug-cc-pCV5Z, using GIAOs

Unquenching of angular
momentum due to * orbitals
(from atomic p) and
corresponding low-lying + states

Field-free ground state: ' %

$g4 $ 4
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Magnetizabilities for paramagnetic
molecules

* Similar results for ScH and YH CCSD(T), cc-pVQyz,
ScH 18.7958 using GIAOs, in a.u.
YH 6.4492

Similar effects also for & and ' orbitals (from atomic d)

N'ID+#:+8&"8!::H80O:8*#$%:8EJK @:H80/H8646/H84C40 162



B&%/ #37+"6%aB-%#Y¥*5*,&%(4) #"+%),+%6

Development of the energy as a function of a magnetic field

EFFGGIG EI'EICH@S8IGF:
BH at O BH at 90
2500 s 22500 (e
-25.05 — -25.05 - _
5510 | diamagnetic 2510k |

" | < o515] |

w '25'15_ 1 W | diamagnetic |

S| O )

U7 -25.20 { uF -2520¢ paramagnetic \ -
-25.25 . -25.25 / /
-25.30 - - -25.30 - -

_ — _ —
-25.35""'----'----'----I---I- o535l e
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
B/B B/B o

Paramagnetic response to external
perpendicular magnetic field
1B4=235000T (up to ~0.2 By;*50000Ty), 163



Paramagnetism in closed-shell molecules can also be
understood as a result from Zeeman coupling between
electronic states in the magnetic field
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Nuclear Magnetic Resonance (NMR)

experime Nt
*Setup
%&I&"( 3 o
J+*,-*0( /O'+#2
+1,.-&"(1"-23( 7] .
43-1"-0(B70 i characterize
== molecules!
<\>
|
/>
<>>
N
"#$%&

OI3"*(1:-$/-."; (*"2

* Nuclear spin! nuclear magnetic moment! interacts with

external magnetic field! Magnetic field splits energy levels of
nuclear spins (Zeeman)

e Larmor-frequency: Transitions between energy levels of the
nuclear spins.
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Nuclear Magnetic Resonance (NMR)

experiment

* Important: Shielding through electrons! Movement of electrons
induces magnetic field! nuclei experience different strengths of

magnetic fields

* Interaction energy

Blocal — Bext + Bind
ind — | | ext
E - = =K 5
shielding tensor: different for different molecules

and nuclei, hyperfine-interaction between
electrons and nuclear spins

[ Einteraction = | M! Elocal = | M! (|_3| !_)Eext J
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Zeeman and hyperfine interactions

T12

p
m—= —S 23"#23H#
My - L
0 '()*' H
) $%8&.()

2
RKL

179

Fig. from ESQC books, chapter by T. Helgaker



Calculation of nuclear shielding constants

* Taylor expansion of the energy as function of magnetic moments

My and external magnetic field B (closed-shell ! no first-order
terms)
E(M,B) = EOE' Mg EEL"’)MLJE - Mg ES'”B} B' EC2B + ... ]
KL K
I NMR spin-spin couplings | NMR shieldings ! magnetizability

* Perturbation theory adequate since
« weak magnetic induction (~ 10%B,, 1 B,.g’ 235 000 Tesla )
* magnetic moments couple weakly as well

« EgY :interaction of magnetic field and nuclear moment

} 1,1) — 7 !
+ without electrons: coupling=-I.  Hue> = ! Mg B

K
* in molecule: coupling is modified by nuclear shielding tensor

1,1) _ :
E|(< ) =1 I eIectronlc

contribution!
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Calculation of nuclear shielding constants

Perturbations [ |, = _ MK] [! , = Bext]
K K

Perturbed Hamiltonian more complicated:

[ 9 =190 + 11909 4+ 1 QO 1+ 121920 + 121902 4 |1 Q@D ]

Expansion of energy and wave function:

(
E(!1,'2) = Eo+ ! JE®D + 15ECD + 11 2|E<1’1>|

E(M,B)= Eo+ MLEZOM, + ML|E§3’”|§+ B' E©2B + ...
\_ KL K _J

~

Insert into Schrodinger-eq, collect terms of order A, A+, project onto W, *:

[E(l’l) = 11 (()0) ||_q',(1,1) | ! 80) "l gO) ll_q‘,(o,1) | l gl,O).._l_ I 80) ||_q,(1,o) | l (00,1)..]

I wp O) 11901 (0)
[||g)’1)|:' Lo’ | 1 )|!”!||(O)|]
. . 5 5 )]
n Ey) # EY 181




Calculation of nuclear shielding constants

* From second-order perturbation theory:

é )
! 5(1,0) " 5(0,1) "
E(1,1)e|:!!O“q',éll,l)l!o..JrZ' o | By |!In!!n||'q,el. |1 o
- i ESh # E¢l
\. y,
* Identify the operators! ﬁ(l,o) D A \
since K
5 (0,1) ' ext
L R , 1 : A D
9 =Ho+  A(r)p + 5 All) 3
i | . 1!
19.0) | 5 Ag;
$%2 Ki
f 902 17 pea
[ AtOt — Aext + AK ] . 5 i I
K . 1!
K L.1) > 2A Aext




Calculation of nuclear shielding constants

* Term 1, diamagnetic (comes from AF)

1ot 2 1 - -
/H (1.1) Ag (A, (i) = I? (B" ric )r(:l))vl K " TiK) \
i K iK " iK 4
! 2 1 T (. T
_ M!K '7 I ik 1r33# lic I'ik B
K 3 i %R,IK
\_ H &% Y,
* Term 2, paramagnetic (comes from A)
1!
=5 | B" lic
1
= BELG
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Calculation of nuclear shielding constants

e Term 2 continued:

4 1§(1.0) | ! A (r)p; = ! 0 (Mg ™" 3riK ) ap; )
K iK Mk
| 2! IiK
= | _
< Mk I
"__HE %
\ i J
* Collect:
[ ae - QI HE™ [ [HER o
E , e' : !! Hdla ! "+2 "= 0 . n R n K .
\_ _J
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Calculation of nuclear shielding constants

E(M,B)= Eo+ MIEGOM, + MyECYB+B'ECIB+ ..
KL K

Connect to Taylor expansion

| 2E Calculation in quantum
IMk!B ., B=o | chemistry via derivative theory!

E}(<1’1) _

I Beginning lecture 1: order of differentiation?
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Calculation of nuclear shielding constants

E(M,B)= Eo+ MIEGOM, + MyECYB+B'ECIB+ ..
KL K

Connect to Taylor expansion

| 2E Calculation in quantum

) 'Mk!B |, g= | chemistry via derivative theory!

For any quantum-chemical method, the energy can be written as

E = Dy hyy + ’ | iy 1l | "#" Differentiate wrt. Mc
! W #H and B
e , _ 2
El((1,1)e|. _ Dp_l ! hu! 4 | ! Du! hu'
N !B!d_MK vee=0 . 'B s Mk =
g HKIaO Y
( )
! w2el. ¥
o1 (1,1)el . 1 =
k = z1Ir Eg = -Tr - -
5 3 3 Mk"B ) -




Basis-set convergence

o('H)

60 -
55
50 -
45
a0 © ?!
35
30 - ] <& O
25

dz+d tz+d qz+2d pz3d2f 15sllp 15sllp
+4d3f +4d3f
+diffuse spd

"5)&-'102'%)-+)-82.(<!%)+01(.'2!

TL8)#((.)*(%9!.<1%*1) J., ,():;$&'&R!,)0'/",U
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J. Gauss, ,,Molecular properties”, published in ,,:13&1"%:&*-13. B("3%;#5!14*-8.%!<%=7("*78%>-&84.* 230 @ %



Gauge-origin dependence

gauge-origin

basis set center of mass fluorine hydrogen
dz+d 29.3 27.6 60.1
tz+d 28.4 27.2 50.8
qz+2d 27.7 27.0 40.4

HF-SCF calculations for the proton shielding of HF

results are not unique and depend on arbitrary
choice of gauge-origin!
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Basis-set convergence

o('H)
60 - common gauge-origin: O
55 L GIAQO: o
50 -
45
40 -
35 -
30 o °

25 -

dz+d tz+d qz+2d pz3d2f 15s11lp 15sllp
+4d3f +4d3f
+diffuse spd

-5)&-'102'%)-+)-82.(<!%)+01(.'2!

J. Gauss, ,Molecular properties”, published in ,J/!1$%&,J$*/'+ B(&!,4-?/%""*1+,/#,

K;(&":1,*$1"+'%.L,M,2000. 191



NMR shieldings for various methods

* Mean absolute errors relative to experimental (blue)
and empirical (red) equilibrium values

MAE / ppm

* DFT results uneven quality
* Errors increase when vibrational corrections included

193

Figure from T. Helgaker. See also Teale et al. JCP 138, 024111 (2013)



" C NMR chemical shieldings:

accuracy of MP2

] 0

o +%

m (DX

%ot
&

i f' o
|8
196
| $#

[wdd]
((L)Aso2) . N(poyew) ,

40

‘HOD®HD
HODHD

ND®HD
NOH
#HOODHD

OHD®HD
0D

0)0)

HOODHD
OHOfHD

NO®HD
‘HN*HO
HO®*HO
4*HO
NT_NU
v_l_NU
@T_NU
"HO
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Figure from J. Gauss



Summary

* Hamiltonian for molecule in electromagnetic field
e Calculation of NMR shieldings

* Important to ensure gauge-origin independence via use
of GIAOs
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Strong magnetic fields



Magnetic fields on Earth

Human brain Earth magnetic field Refrigerator magnet NMR
60uT AmT 12T

Levitate a frog Strongest non-destructive magnet Z-machine
16T 100 T ~10.000 T




Cranking up the magnetic field
439680 %" #+,'$-),"%& %24 HEVE' ((($)

Distinguish 3 regimes:

B << By i [ Coulomb regime ]
©
Q
o
L
&0 - .
B = B, o [ Mixing regime ]
7
©
v
G
£

B >> B, v [ Landau regime ]
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Magnetic fields on Earth

Human brain Earth magnetic field  Refrigerator magnet NMR
- [0#12,, | 345#64, (8#!2,

Levitate a frog Strongest non-destructive magnet
AQ#: 2ot S5.-#,2 ot 5.5-#2H




Magnetic fields in space

K(/#%$*,)&,$.& kﬁ
Mixing ‘

B$<%!,*V-"1) WJI$.3&,$.8XN)CDDHY )1#)()XD40)[

All,.(%)8&,$.8X@DDBY | Y1), ( )z(ODD)[

B$<%!,$.&xctv | )L#H,OXOBB)HL .-




Magnetic White Dwarf spectra with metals

157 L L S |

L ]‘2 i ]

o U bEHS  "HSS |

: 1.0 § 11 ‘

0.5 g m ' ]

- w 1

L J<5) g

= 00F -% 061 1

[ g ]

[ 3 ]

—0.5F Z 0.4 ]
~10f 02l By = 45.6 MG
I visible: 22.8 — 30.0 MG

1—51 5 —1 0 —0 5 0. 0 0.5 1.0 1.5 0.0 4500 5000 5500 6000 6500
x Wavelength [A]

| 7'.8,)$8&'<%/1%,)(+$0& '%),-)&#!*,.1/)(+)$)&,.(%<08)/$<%!, *)VW)
=XNDDD)Y>)1&'%€H0R)KK),-(.8
| 71.,-1)101/1%,&\,.$%&.", (%&)#.181% Y #(&8&";08)".(%)U)

226
Hollands, Stopkowicz, Hermes, Kitsaras, Hampe, Blaschke, MNRAS 520, 3560 (2023)



Molecular Hamiltonian

* Electronic Hamiltonian in homogeneous magnetic field

(in a.u., with gauge origin O)
(" )
| !N K
\ AN | y,
> IN )
angular momentum L= ' ipO |
operator © kK
- K Y,

I complex wave function!
| origin dependence in K : use of GIAOs important
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Finite-field methods

* Magnetic field treated non-perturbatively
Example: Static magnetic field input: (Bg By B.)

* \Wave-function is complex! complex orbitals and
other wave-function parameters! complex integrals
In particular: New software implementations needed!

* Efficiency:
* Larger computational cost (Factor 4 in matrix multiplication (Factor 3 with
specialized BLAS routines)
* Larger memory requirements (Factor 2 and more)
* Less permutational symmetry: Factor 4 instead of 8 in 2-electron integrals

Npg & Ngp, Npg = hgp
<pg|rs>=<rs|pg > =<qp|sr>=<sr|gp >

(F<ps|rqg>E<rqlps>E<qr|sp>E<splqr>)



Molecular Hamiltonian

* Electronic Hamiltonian in homogeneous magnetic field

(in a.u.)

r ™
| !N #
9= Ko+ ~BLo+BS+ B2r’5 ! (Brio)?

. i Y

for a field in z-direction O N
B = O$
B,

- 1 . 1N " n
}CP:}£]>0+§|3|92+|3QZ+E—3 B2 xZ+ y?

\_ | ,




Molecular Hamiltonian

Electronic Hamiltonian for molecule in a homogeneous magnetic

field in --direction (in a.u.)

4 N " A
. . 1 . . 1! ", Lt
H):r%+§|392+|392+§ B< X +vy;

q i \ ~ Y

Z : ~
$%&'()%--1).  (-%! /0. 414 (-%! 1)h2-(3 (%!

leads to complex wave !
function
gauge-origin dependent ||!

liftts degeneracy of alpha
and beta spin
favorization of high-spin

always positive
confinement
gauge-origin dependent

states open-shell states
for stronger fields

&

S
E- B E |
— B

%%< + ms="% :!-spin

+ m=- % : B-spin

1 _ 1 .
Pe1 = ! —é(px +ipy), p1= —é(px! ipy)
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Atom in magnetic field

* Symmetry

: | 19%08($,'(% YSO(%FF); L,)$%68%<08) ))
| B'..(. H0$%!&N
") L#1%27109%),( )])=%(%%0,1','9!>

B is an axial vector
B (pseudovector):

C :
#$ @Ii @

JAN )
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Tis;( Ty
Mg, | N g
Os5,(0a

6SS,I 6@,I

Pt e e e e e e e e

.
————:

Cus

exp(i¢)
exp(-ih)
exp(i¢)
exp(-i)
exp(2ih)
exp(-2id))
exp(2ih)
exp(-2id))

exp(nid)
exp(-nid)
exp(nidp)
exp(-ni¢)

character table

25¢

|

-1
exp(ip)
exp(-if)
exp(ip)
exp(-ih)
exp(2ic))
exp(-2i¢))
exp(2ich)
exp(-2i¢)

-exp(ni¢)
-eXp(-ni¢)
exp(ni¢)
exp(-nid)

Y

(i)

(x,y)

https://www.staff.ncl.ac.uk/j.p.goss/symmetry/Categorisation.html

x2+y?';z2

(zx, yz)

(x>-y%, xy)

(S¢ specifically includes theoy, and i operations with¢p=2mandp=mnrespectively.)
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Symmetry of the orbitals of atoms in a
magnetic field

* Consequences

ﬂ------

Mo Op Thaio OFie Mais Os Tuais OiFis

o1 A T
1P = 19 + éB|92+ BS, + g BT Xty
i
Still eigenfunctions to Lp L, = m!

Same is true for linear molecules (Cpj or Cp)
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Paramagnetic effects

. . . %()

* LUMO of Neon in magnetic field %= *
%("

9%(8% L 4

0,

%("% ¢
%(II

(S
$ 0 SS% (" (% K&  B(&%

& @B
3
2

N &
L
L

L 2

"H$Y68() "*+# - ['OHL
\

\{

w(

$(% " "(% &
23%"#*454#610'38B
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Paramagnetic effects

* LUMO of Neon in magnetic field

N

h °
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Paramagnetic effects

* LUMO of Neon in magnetic field o . .

1&#  1&#" 1&$ 1&$"

*
R
3

*
> *

"#$9%&' () "<+ - OHL
it 1

3dg

1

iZ_O;
H*

23%"#*45")4#61038B

N 4
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Ground state of the C atom in a magnetic
field

Total energies as a function of B

-37.2 .
-37.5 i ]
-37.8 | -
-38.1 |

-38.4 BORRICRI,, At

I
16 44! $BQ 6! 3

Etot / Ep

-38.7

-39.0
T 53— 3P/ 3]
393f & PIPlg

0.0 0.2 0.4 0.6 0.8 1.0
B/Byg

Hampe and Stopkowicz, J. Chem. PhysA146, 154105 (2017)



Ground state of the C atom in a magnetic
field

Total energies as a function of B

-37.2 F .
-37.5 .

) ]
-37.8

-38.1

-38.4 BORIOGIH,, At

Etot / Ep

]

-38.7
D 60°@108HY,, ‘A8

-39.0+ —&— 3pP/31 - 16 441 6Q 6! BQ B

- —— 5 Bn
-39.3 | S/ Iu o
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B /Bo

Hampe and Stopkowicz, J. Chem. PhysA 146, 154105 (2017)



Ground state of the C atom in a magnetic
field

Total energies as a function of B

| 60RO, A

Etot / Ep

| &= 3p/3
-39.0  —&— S5/ |
—A— SF/>#

) GORRIOBIH, 4Bt

-39.3 _ A 60: @108, A FB e
' - - - - 16 24! 6Q 6! &" (1B
0.0 0.2 0.4 0.6 0.8 1.0
B /By

Exotic states become ground states in strong field!
Hampe and Stopkowicz, J. Chem. PhysA 146, 154105 (2017)




Excitation energies for Mg in magnetic field

Excitation energies for Mg P! TS (3s3p to 3s4s) transitions from f|n.|te—f|eld
U,M calculations!

T —_—

Lo
<

o
<

Excitation energies/ eV
_|
<

M,M

Magnetic field strength/ MG 247



Atom in magnetic field

* Consequences

ﬂ------

Mo Op Thaio OFie Mais Os Tuais OiFis

N |

%(,R'&,'%<1'&-$; B8 V6(,\.(&&

Still eigenfunctions to Lp L, = m!
Same is true for linear molecules (Cpj or Cp)
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Excitation energies for Mg in magnetic field

——VIQ

—o—W

W

anm5W/
VW&]@ RA
Qi<<,=9 4s & 3dy: o

ol_o' Y A X
n
V' Qi<<,<9 T VW&XR@R%
VWEXR@R%
Q5MM,M9 \‘\‘\’\0\‘
Q5MM,;d
M, MM M, M9 M,;M M,;9 M,5M
= SS*J \
Avoided crossings occuring! 470 MG

Kitsaras, Grazioli, Stopkowicz, JCP :;< , 094112 (2024)



Mg Orbitals

B=0 By(field free)

3PMo%ve%

4s

B=0.1 B\=235 MGy
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Paramagnetic bonding

A Paramagnetic Bonding Mechanism for Diatomics in
Strong Magnetic Fields

Kai K. Lange', E. |. Tellgren', M. R. Hoffmann'Z, T. Helgaker'"
+ See all authors and affiliations

Science 20 Jul 2012:
Vol. 337, Issue 6092, pp. 327-331
DOk 10.1126/science. 1219703

Abstract

Elementary chemistry distinguishes two kinds of strong bonds between atoms in molecules:
the covalent bond, where bonding arises from valence electron pairs shared between
neighboring atoms, and the ionic bond, where transfer of electrons from one atom to another
leads to Coulombic attraction between the resulting ions. We present a third, distinct bonding
mechanism: perpendicular paramaanetic bonding, generated by the stabilization of
antibonding orbitals in their perpendicular orientation relative to an external magnetic field. In
strong fields such as those present in the atmospheres of white dwarfs (on the order of 10°
teslas) and other stellar objects, our calculations suggest that this mechanism underlies the

strong bonding of H, in the *¥¥ (14, 10: ) triplet state and of He, in the ' 5} (167 16,°)

singlet state, as well as their preferred perpendicular orientation in the external field.

Y12<&198;;<'&PI8(#77$1228%K!=&'H8Z>+&2>&8B3R4L.814C643
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Paramagnetic bonding in Hy,

field-free perpendicular magnetic field

1s | /o s

AEQ AEQ ’

N |

AEsg, AE= 0 ABsg; AE< 0

. . ) 1 IN Bomding with formal bond order 0!
K =19 BQZ+§ B2 Xi2+yi2

| 1#1962%108$.)/$<%!,*)+'102)0(J.&)&8//",.8),0K o0
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Symmetry considerations
B

H,dn perpendicular magnetic field

H H X
I C,,

Remaining symmetries:

B is an axial vector

* Center of inversion 5 (pseud?vector)

* Mirror plane o, (xy-plane) |

° C,:—axis (Z) / : ‘\
I
I

IR

Parallel case: B coincides with molecular axis, no mirror planes that include z! C,



Cy,sCharacter table

| Con| E | Co | op | i H
Ta] 1 1] 1| i 222el
EREEE R

’7"_1 | -1] -1k —\ 2, X2, Y2, 2
EREEREE [y, 02,5232, 2,5

https://www.staff.ncl.ac.uk/j.p.goss/symmetry/Categorisation.html
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Paramagnetic bonding in Hy,g ¢

o© O

-./01234 &3167
(819810734:6)9

+ + —) + +

71026+ 11E)-'<-1&,) %)/$<%!,*)+102)=*$4)MDDDDD)
(**1#'12)B])=5]B]>)'&) 5]B])'&);(1%2)9'$)#! . #1%2'*10%.)
$9%,":(%2'%< {(%2'%<

Lange, Tellgren, Hoffmann, Helgaker, 0)4&")&37, 327 (2012)
Stopkowicz, B()-1 A%>-&84 11, 62-66 (2022)
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Paramagnetic bonding in Hy,

field-free perpendicular magnetic field
HOMO: o, — "

0| l | () _ HOMO: by 1‘ n

Y . 8 VAR
1s AEq 1s ' _ El&“‘ A,
279 2727 LA

e 14—

AEs% AEQ= 0 AEs% AEQ< 0

. . ) 1 IN Bomding with formal bond order 0!
K =19 BQZ+§ B2 Xi2+yi2
i

| 1#1962%103.)/$<%!,%)+102)0(J1.8)&8//",.8),0K osrg
1" 9%()0(%<!.)<((2)31$%,1/)%1/:1 F) \a &8//!,.8):.(H!%
# 5'<-l. @8'%<))&H#0",8)%V62)$
# B"™%<)J',-)5]B])$00(J12
# 9%21*1&)$%<10%.)/(/%,1/)$%Z)J.&)bl £
# o $.3/$<%!,%)&,$;'0'd$, (%)="@A@SelG>E)5!.1E):%21*18)$) (%2



Binding energies of He, in perpendicular
field

perpendicular " #$%&l%&()n&u*(+ BA !II

paramagnetic [
bonding Y : <

(#

—a_DDEF?GB "

—e—HI!EDI

&#

%o#

-.[-.012.230415167589:

#*# #*$ #*& #*( #*+ "*# "*$ "*& "*( "*+ $*#
8;0.2<-=1>-2:/1?@23@2./-=A:;3B151C

* Becomes paramagnetically bound (not to be confused with van der Waals
interaction)
 Correlation contribution more important with increasing field
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Summary

* Strong fields exists on magnetic White Dwarf stars
* Assignment of spectra

* Lowering of symmetry

* Exotic states become ground states

* Paramagnetic bonding

277



