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What is Electron Correlation?



Correlation in Probability Theory

two variablesx and y and probability densities P(x), P(y), P(x,y)

variables x and y independentif

P(x,y) = P(X)P(y)

otherwise
P(z,y) # P(z)P(y)

the variables arecorrelated




Electron Correlation: the Helium Atom
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Electron Correlation: the Helium Atom

nucleus '
1
. | T r\ electrons
helium atom: 12/
)
electron density p(r)
pair density l5(rq,rs)

. . 1
HF pair density pa(ri,r2) = - p(r1) p(ra)
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Electron Correlation: the Helium Atom

nucleus '
1
. | T r\ electrons
helium atom: 12/
)
electron density p(r)
pair density p2(r1,1r2)

1
exact pair density pa(rq,ro) E i p(rq) p(rs)




Electron Correlation: the Extreme Case

two interacting electrons two possible sites @ @
probabilities:
one electron at @ 50 %

one electron at @ 50 %




Electron Correlation: the Extreme Case

two interacting electrons two possible sites @ @
mean-field (HF) description not favorable!

both electrons at @ 25 %

both electrons at @ 25 %

one electron at@ and one at@ 50 %




Electron Correlation: the Extreme Case

two interacting electrons two possible sites @ @

avoids unfavorableg

correlated description combinations
both electrons at @ 0 %
both electrons at @ 0 %

one electron at@ and one at@ 100 %




Different Types of Electron Correlation

!Fermi correlation (exchange)

electrons ofsame spinavoid each other due to
the antisymmetry requirement (I Fermi hole)

already treated atHF level

independent of Coulomb interactions

«|Coulomb correlation

electrons (independent of spin) avoid each other due to
the repulsiveCoulomb interactions(! Coulomb hole

not treated at HF level, requirespost-HF methods




Electron-Correlation Energy

usual definition (Lswdin, 1955):

AECOT‘T — Efnfrl — EHF

Ifocus onCoulomb correlation

IFermi correlation in E,¢ already included

IHF for electron correlation reference point




Different Types of Electron Correlation

ldynamical correlation

electrons (independent of spin) avoid each other due to
the repulsive Coulomb interactions (! Coulomb hole

eIstatic (non-dynamical) correlation

(quasi-)degeneracyof Slater determinants/configurations

!1 (I)Q

E %_ %

E(®)) ~ E(®,) | vl P + P




Single- and Multireference Methods

no static correlation

HF quality correct ! goodstarting point for correlation treatment

one Slater determinants dominates

applies formany/most moleculesn and
close to theirequilibrium configuration

I single-reference treatment

static correlation

multi-reference treatment required




Importance of Electron Correlation



Magnitude of Correlation Energies

H.,0 HCN
E,r -76.068 -92.916
'E -0.372 -0.518
"E -0.052 -0.044

correlation energies typically < 1% of the total energies




Chemical Relevanceof Electron Correlation

0.001 Hartree & 2.6255 kJ/mol

correlation energiesstrongly dependent on valence electrons

correlation effects always important whenbonds are broken




Chemical Relevanceof Electron Correlation

example: CO! CGP) + OFfP
dissocation energyD,) of CO
C O CO D.in a.u.
E(HF) -37.693774 -74.819232 -112.790997  .277991
E(corr) -.151537 -.248978 -536591  .136076

E(total)

-37.845307 -75.068210 -113.327588 414071




Chemical Relevanceof Electron Correlation

example: CO! C@P) + O@P)

dissocation energyD,) of CO

C O CO D, in kd/mol
E(HF) -37.693774 -74.819232 -112.790997 729.9
E(corr) -.151537 -.248978 -.536591 357.3
E(total) -37.845307 -75.068210 -113.327588 1087.2

electron-correlation effects are significant




Perturbative Treatment of Electron Correlation:

M¢ ller-Plesset Perturbation Theory



Hamilton Operator for Many-Electron Systems

non-relativistic Hamiltonian for atoms and molecules

one-electron terms two-electron terms

prohibits exact solution
I electron correlation




M¢ ller-Plesset Perturbation Theory

electron correlation small effect

I treatment via perturbation theory on top of HF

perturbation theory:

zeroth-order ! HF theory 1 O —1
M¢ ller-Plesset

190) = Z () EO® = & ansatz

= (Uyr 1B + B0, > electron correlation

In second order
= @O 4+ g@




MP2 Perturbation Theory

second-order perturbation theory

_ b e HEY e |H 9"

0) 0)
17(/ Ey’ # E; \
other

HF wavefunction eigeniunctions
to HO)

E @)

all Slater determinants constructed from

eigenfunctions to H°: occupiedand virtual canonical HF orbitals




Excitation Level of Slater Determinants

T
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Slater-Condon Rules and Brillouin

heorem

Slater-Condon rules

rules for matrix elements involving two different Slater determinants

for H containing one- and two-electron operators

(@) #F0

only if # , and # ; differ at most by a double excitation

Brillouin theorem

| Py 1923 = 0

.

singly excited determinant




MP2 Perturbation Theory

second-order perturbation theory

- oA Oy R Oy
E — Z £0 _g©
0 o I

I1#£0
leads to antisymmetrized
|(abli >| <~ two-electron integral
Eapz = 3D ’
| . ; + ! I R — I
1<) a<b

indices of

occupied indices of orbital energy
spin orbitals virtual denominator

spin orbitals




Importance of Double Excitations

Increment total
"E(MP2) -0.2040 -0.2040
"E(MP3) -0.0068 -0.2108
"E(MP4) -0.0052 -0.2160
"E -0.2170 -0.2170

corr

H.,O, cc-pVDZ basis

MP2 recovers typically more than95 % of electron correlation

MP3 involves onlydoubles singlesand triples only at MP4




V.
Exact Solution of the Correlation Problem:

Full Configuration Interaction



Exact Solution of Electron-Correlation Problem

define effective (zeroth-order) Hamiltonian

Hy = Z F(a) solve one-electron problem
! ~ (e.g., HF equations)
Py, = €& ¢
Slater determinants
(take care of antisymmetry) l'

1 | acompletéAjpne-electron basis

by = VN ! e .. ! INl\ (spin orbitals)
|
,p=1,...
0ol =1.) e }

complete many-electron basis within given AO basis




Exact Solution of Electron-Correlation Problem

expansion in a complete set of Slater determinants

I = C " = Co byrp + cr P
| =0

excited determinants

together with variational principle
ZHIJCJ = EC[ H]J = <@I‘HA’¢J>
J

=> Full Configuration Interaction (FCI)




Excitation Level of Slater Determinants
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Full Cl Approach

Full CI: oIfactorial growth of cost
Inot practial, only for benchmarking

small molecules and basis (e.g.,,B, DZP)

benzene, DZP: $ 1t determinants

typical examples: E(FCI), in a.u.
BH, TZP+ -25.243140
H.,0, cc-pvVDZ -76.243773

CO, cc-pVDZ -113.055853




V.

Truncated Configuration-Interaction Schemes



Full and Truncated Cl Methods

Full CI: oIfactorial growth of cost
Inot practial, only for benchmarking

=> truncate determinantal basis (approximation)




Excited Slater Determinants
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runcated Cl Methods

truncate determinantal basis (approximation)

chose determinants according texcitation level

double excitationsare most important

=> truncated Cl methods such as CISD

Vorsp = c¢o Pg + g cr Py
1€S,D

excited determinants restricted tosingle + doubleexcitations




Solution of the CI Problem

Cl problem: Hc = Ec

eigenvalueproblem for matrix H

no direct diagonalizationof H (too expensive)

Davidson scheme:

ldiagonalizeH in a (small) iterative subspace

lexpand subspace untilconvergence

-lcomputational costdue to product H ac




Convergence to FCI

example: H,O, cc-pVDZ

Cl method Energy [a.u.]
CISD -76.231972
CISDT -76.234926
CISDTQ -76.243157
CI(5) -76.243%40
CI(6) -76.24371D
CI(7) -76.243772
CI(8) -76.243773
CI(9) -76.243773

FCI -76.243773




Computational Cost

approximation cost
CISD N©
CISDT N8
CISDTQ N10
CI(5) N12
E E
FCI




VI.
Size Consistency and Size Extensivity



Separability for Non-Interacting Systems

non-interacting systems A and B

¥additivity of energy
¥multiplicative separability of wavefunction




Size Consistency

A
v

rAB—> o0

A method is termedsize consistentif the sum of energies computed
for two non-interacting subsystems A and B igqual to the
energy obtained for the supersystem consisting of both A and B

Pople, Binkley, Seeg€i976)

a) individual quantum-chemicalcalculationsfor AandB | E, + Eg

b) onequantum-chemicalcalculation for A+B ! E.g

size consistency: E = E, + K




Size Extensivity

---- -~ E = ndaEax

A size-extensivanethod provides results that
scalelinearly with the size of the system

Bartlett, Purvis (1978)

>U formal definition , independent of non-interacting reference systems
> exploits full power in the context ofdiagrammatic techniques
>U size extensivity implies size consistencyne reverse is not true

>U ensures quality of resultdindependent of size of systems




Size-Consistency Problem of Truncated ClI

CISD approximation:

2 X Bir | Brrocseosfie A

e

HE-SCE | -200.558| -200.558|  0.000
HF %%% HF

CISD -200.576 | -200.5%9 -0.017
~11 kcal/mol

calculations with tzp basis set

truncated Cl methods are not size consistent




Empirical Size-Consistency Corrections

Davidson correction:

AEIDaxmldson — AEcor’r' (1 — Cg)

to be added to the CISD energyapproximately size consistent

Coupled-Pair Functional Methods:

restore approximate size consistency
by modifying the denominatorin the energy expression to be minimized

CPF, ACPF, AQCC, ... due to Ahlrichs, Gdanitz, Szalay, Bartlett, ...




VII.

Exponential Ansatz for Wavefunction



Multiplicative Separability of the Wavefunction

non-interacting systems A and B

Qe = Ha + Mg
=> separation ansatz

Eip = E4 + Ep additive

lap = P14 !pg multiplicative

antisymmetrizer




Multiplicative Separability of the Wavefunction

H, molecule, minimal basis

Yep = Pur + CPp OIET dp
(not normalized)
HF double

. determinant  excitation
= (1 + dp) ®yr

\ operator, generates a by

weighted double excitations

H,: CID = FCI = exact solution




Multiplicative Separability of the Wavefunction

two H, molecules, minimal basis
H,(A) + Hy(B)

CID wavefunction
Veorp = (1 + Opa + 6ppB) Pur

but

Al cipal cips = A{(1+%p.4)" wrat {1 +%p8) " HrB}
= PA+bBba)@d+Be)!vra ! HEB
= (1+ BHa) @+ Bp)! ur

= 1+ pa+t Opp+ OpaOpB) Pur

/

guadruple excitation, missing in CID => problem




Multiplicative Separability of the Wavefunction

problem of CI:

excitations are additive

D,
I =A,B,...

contradiction 1?!

required is a product /

i= A,B,...




Multiplicative Separability of the Wavefunction

one, two, three, ... H molecules

U, = (1 + Op.a) Pur

Vo = (1 + 6pa) (@ + 6pB) Pur

Us = (1 +7pa)(1 + 7o) (1 + Tpc) Pur
v = | (1 + 7A'D,i ) (I)HF

i=AB,...




Exponential Form for the Wavefunction

proper form of wavefunction

! — - (1 -+ !AD’Z') ! HF
i=A.B,...

rewrite in exponential form

multiplicative separability via additivity in exponent




Exponential of Operators

definition via a power series

. A 1 - 1 - 1 -
exp(A) = 1 + A + —A? + —A° + ... + —A" + ...
2! 3! n!
exponential of a number ! non-terminating power series
exponential of an operator ! power seriegan terminate

depending on operator




Exponential Form for the Wavefunction

H (1 + 6p;) Pur ! exp( Z i) PHF

| =A,B,... | =A,B,...

proper counting

H 'IT2
1 1 1
1 - , 1. . L L. . .
> | B ;i > Bbha bp > b ba
' Bbba b +
same excitation cannot . .
s HHa = 0

be applied twice




Exponential Form for the Wavefunction

exponential ansatz

excitations
represented via an

proper multiplicative behaviour

= exp(P) ! o

/

operator

N

reference determinant

=> size extensivity




Historical Remarks

! statistical physics
>Upower expansion of partition function for interacting gases

Ursell (1927), Mayer (1941)
! nuclear physics

>Ufirst use of exponential ansatz in quantum-mechanical context
>Uquantum-mechanical description of nuclear matter

F. CoesterH. KYmmel (1958, 1960)
| electronic-structure theory

>Uapplication to the electron-correlation problem

=> coupled-cluster theory J. ek (1966)

>Usee also earlier work by Hubbard (1957) and Sinano&lu (1962)




Connected and Disconnected Excitations

1=A,B,
UV = Py + pa Pur + ... + Tpalpe Py + ...
connected excitations disconnected excitations

(products of connected excitations)

Cl does not differ betweenconnectedand disconnectedexcitations




VIII.

Coupled-Cluster Theory



Coupled-Cluster Ansatz for Wavefunction

ansatz for wavefunction

1) = exp(T) |0)
\ reference

cluster operator determinant

Z br s ~—___ excitation operators

/, \ (in second quantization)

weighting factors <—__ unknown parameters

sumover .
(amplitudes) to be determined

(all) excitations




Cluster Operator

classification of excitation T

T, = ) » thaa
a

1 :

T, = tﬁlb a;ai al];aj

a,b 1]

all possible excitations T =

truncated schemes, e.g.

T + To + T3 + ...

single excitations

double excitations

+ Ty

I' =17 + 13




Equivalence of CC and FCI parameterization

CC wavefunction Cl wavefunction
1) = exp(T) |0) vt = (|0
T: |0) singly excited C;y |0)
(T, + %Tf) 10! doubly excited C, |0)
(T3 + ToT, + %Tf’) 10) triply excited Cs |0!
(T4 + Tlg,Tl + 21'Ti2 quadruply excited Cy |0)
+ ZT12T2 + ET_{‘) 0!

matching number of parameters

=>  CC ansatz parameterizes the exact wavefunction




Truncated Coupled-Cluster Wavefunctions

I = 1 truncation in the cluster operator

CCD = CC doubles

1 1
—T7 |00 + —T2 or + ...

' cop! = ‘O' + I% ‘O' + o
connected disconnected

double excitations guadruple, sextuple, ... excitations




Coupled-Cluster Ansatz

! ansatz for many-electron wavefunction

>Uable to parameterizeexact solution
>Umultiplicatively separable!  sizeconsistencyand extensivity

>Uunknown parameters amplitudes in cluster operator

ol determination of actual CC wavefunction

>Udetermine amplitudesin cluster operator

>UsolveSchrsdinger equation with CC ansatz

what is a suitable procedure and what to do in the case of approximations

7




Variational Coupled-Cluster Theory

determination of amplitudes via variation principle

minimization of E — (0] exp(T )H exp(T)|0)

(0] exp(T ) exp(T)|0)
/ \

CC wavefunction o |
not normalized adjoint of CC wavefunction

non-truncating operator
1 1
exp(THH exp(T) = H + TIH + HT + ZTFH + TIHT + ZHT2+ ...

cost independent of choice of always similar to FCI
=> not feasible for practical schemes

see work by Van Voorhis, Head-Gordon (2000),
recent work on quasi-variational CC by Knowles and co-workers (2010),
and work on XCC by Bartlett and Noga (1988)




Algebraic Equations via Projection

transform an operator equation into a set of algebraic equations

H|PU) = E |U)
{'W,7=1,...} \ |
completebasis }va ent

(D) H|T) = E (®|T) | =1,...

matching number of equations and wavefunction parameters (amplitudes

N




Coupled-Cluster Theory

Minsertion into Schrddinger equation
H exp(T) |0) = E exp(T) |0)

Mmultiplication from the left with exp(- 7)

exp(! T) H exp(T) [0" = E |0"
Mprojection onto reference determinant
— CC energy E = 10| exp(" T) H exp(T) |0
Mprojection onto excited determinants
— CC equations 0 = !®p| exp(" T)H exp(T) |04

non-linear equations for amplitudes




Standard CC Theory

! untruncated CC approaches

matching number of equationsand parameters (amplitudes)
>Uprojection on all excited determinants
>Usame number of excitations as in many-electron basis

! truncated CC approaches

>Uprojection on all excited determinants !  unsolvable problem
>Uproject only on those determinants for which excitations are iff’

T=T, ! projectonto &g

T=T,+T5! projectonto &g, Pp

Schrsdinger equation can no longer be solved in an exact manner




Incomplete Projection

solving CC equations 0

= (®@p| exp(=T) H exp(T) |0)

analysis of matrix Wro = 1®p| exp(" T) H exp(T) [Pt

full CC

E . 000
o o

cC % e
O Wiz

- - - - - -
i
o o

N
Y @ %
o o

\ 0 G

A

all entries zero

=> equivalent to FCI

truncated CC

aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

l ;CC’ A A A,
B

block not zero !

=> approximate solution




Coupled-Cluster Equations

E = 10 exp(" T) H exp(T) |0

0 = !Pp| exp("T)H exp(T) |08 P = 1,...

How do we continue from here?




Coupled-Cluster Equations

aSimplificationsAp

Baker-Campbell-Hausdorff expansion

exp(=T) H exp(T) = H + [H,T] + %[[H,T],T] + ...

expansion in terms of commutators




Normal Ordering

In the normal-ordered product form of an operator, N(A), all
annihilation operators are to theright of the creation operators

pay pay

N(aa,8,) = —a,aa,

_

sign: (-1 with p as number of required transpositions
to reach normal ordering

advantage of normal ordering

I'VAC|N(...apaq ... )[VAC" = 0 exceptiNV(...) = number

expectation values of normal-ordered operatorsire simpleto evaluate!




Normal Ordering via Commutators

épéqérés = (ap[éq’ér]+és! épéréqés

= Oqr[@p, 8]+ ! OgqrBs8p + [@p, 8 ]+ 8985 + @ 8p8q8;

Lrlps U Voles V1 8la, + 1 ala, +

808, 1 e, + alalae,




Contractions

contraction of a pair of operators

general definition be = be — N(be)
/[ /\I /,\'_‘/\ ! A ! A
specific cases a, ag =0 v, ay =0 ajl, ag
! 1
[ ,/\I + _ A /\T . ", ;r A /\T
ap a; = ay a, N(apa,)
= Oy

'O only, if operators are not in normal order




WickOs Theorem

an arbitrary product of creation and annihilation operators

A

X = ...a)aqalas. ..

Is equal to thenormal-ordered product, N(X), plusall
normal-ordered products of X that contain one, two,
three, E contractions of two operators

. . R o

X = NX) + ) NX)+ ) NX) + ...




WickOs Theorem: Example

apcplal

N (8paqa)al)

alala,a,
+0
+1,.ala,
— 1 ala,
—1ala,
+ 1 sala,
+0
+0

_Hps!qr

—1 1
. qSl p”"‘




Quasi-Particle Formalism

IVAC)

[HE)

as reference for
N-electron systems
not useful

useful for N-electron systems
0) as onlychanges wrt
HF referenceare considered

=> particle-hole formalism




Quasi-Particle Formalism

HF state al |0) ai 10)

O
E 9
= 3
particle
\A/m\
______________________ I
i A
[ S——
= A hole — 0
D , A @
Q. T ! °
= <
&) T A A
O I I
@

Fermi vacuum particle creation hole creation




Quasi-Particle Formalism

new definition of creation and annihilation operators

; ) A ot hole creation
o = & b = & and annihilation

of = af by = &, particle creation
and annihilation

unchanged anti-commutator relations

usual convention:

indicesi,j,k, E occupied; a,b,c, E virtual; p,q,r, E generic




Hamilton Operator in Normal-Ordered Form

1
H = Egr + ) fu{p'dt + 7 > (pdlrs){p'q’sr}
p7q p7q7,r.78
hi (it} — i 4x 5> (pillgi){p it}
) i 2
- — — " tpillgi {p
=N VIR g kY 0
4z',j,k,l Ny ! .
> (i7]l35) Fock matrix
| e A !
7o i kT Tk ) oo = g+ pillgi”
ikl !




Hamilton Operator iIn Normal-Ordered Form

H = Egyr
| |
+ fidt g} + fial? a}
!i,j !z',a
+ fai{a 7’} + fab{a b}

a,l a,b

1 . . 1 . .
t7 0 (kDL g iky + 5 (ijllka)i j ak}
iij,k,l i,jik,a

1 R AL o
+5  ialljk{ia kj} + 5 (ijllab){i j ba}

iij,k,a ' iaj;CL?b

+211 (abllij){a bjiy +  (aillbj)Y{a i jb}

ij,a,b i7j7|a7b

1t . 1! N
.|.é (ai||bc){a i cb} + 5 (abl|ci){a b ic}

i.a,b,c i,a,b,c

i
1"

+Zr (ab||cd){a b dc}
a,b,c,d




Hamilton Operator in Normal-Ordered Form

= Lbpgp + fN"'WN

A

two-body
HF energy one-body operator
operator
Hy = H — (OH|0)

= N+ Wy




Coupled-Cluster Equations

aSimplificationsAp

¥normal-ordered representation of commutators

[A,B] = AB — BA

_ {AB) — {BA} +{AB} — {BA)

\. J
Y

= 0




Coupled-Cluster Equations

aSimplificationsAp

¥T only consists of gquasi-particle creation operators

—
{TH} = 0, etc.

M Inml
—  [H,T] = {HT} + {HT} + ...

exp(! T) Hexp(T) = H
N




CCD Equations

E = 10| (H exp(T)). |0"
0 = (el (H exp(T))c [0)
with
H = Egrp + fy + Wy T = T
normal-ordered Hamiltonian only double excitations

ab

and projection on doubly excited determinants ®p




Excitation Rank

count excitation levels

>U projection on # , defines overall excitation levels

>U T, corresponds to an n-tuple excitation
>U f,, corresponds to excitation by -1, 0, 1

>U W, corresponds to excitation by -2, -1,0, 1, 2

example
WN T2 T2

| corresponds to 2+2+(-2,-1,0,1,2) (2,3,4,5,6) excitations

no contribution to projection on # g, but for those on #,, #; ...




CCD Approximation

H = Egzgp + fN + Wy To
CCD energy
E = 10/ (H exp(T)). 0"
1
=> E — EHF —I— IOl(WN TQ)(:'O"

0




CCD Approximation

H = Egrp + fy + Wy T = T

. . projection on doubly
amplitude equations

/ excited determinants

0 = !®p|(H exp(T))c |0
1 . .
= 0 = (! p| H + (HT»). + 5((HTQ)CTQ)C + aaaoj
=> 0 = (Pp|Wy + (FnT2)e + (WnT2),

+ %((WNTQ)C)T2)6|O>




Connectedness

consider connectedness of terms

at mosttwo connections forf,

at mostfour connections forW,

possible excitation

fy: ho connection
one connection
two connections

W, no connection
one connection
two connections
three connections
four connections

(-1,0,1)
(_1’0)
(-1)

(-2,-1,0,1,2)
(-2,-1,0,1)
(-2-1,0)
(_2!_1)
(-2)




CCSD Equations

H = FEyr + fnv + Wy T = T, + 1,
1
E = Euyr + O/(fnTh)e + (WNT)e + 5((WN T1)c)T1)c |0)

projection on singly excited determinants

0 = (Iglfn
T (InTr)e + WnTh)e + (FnT2)e + (WNT2)e

+ %((fN T1>CT1)C + %((WN Tl)CTl)C

. : 1
singly excited + (WaT2)eT)e T o (WnTh)T1)e)Th)e 10)
determinants 3!




CCSD Equations

H = FEyr + fnv + Wy T = T, + 1,

projection on doubly excited determinants

0 = Np|Wy + WnT)e + (InT2)e + (WnTe)e
+ %((WNTl)ch)c + ((fNT2>CT1)C + ((WNT2>CT1)C

1

5((WNT2)CT2)C

_|_
doubly excited + %(((WNTZ)CTl)c)Tl)c + %(((WNTl)ch)c)Tl)c
determinants 21 '

+ E(((( WNT1)cT1)e)T1)e)T1)e |0)

fnTh and (((fn 11)cT1)cTh)c cannot contribute due to the connectness requiremel




Why do the CC Equations Terminate?

eachT must be dconnectedjo H

H only contains up to two-body operators

I I at most4 quasiparticle annihilation
operators available for contractions

| I at most 47T operators can be
aconnectedjith H

=> (H exp(T)). contains at most quartic terms!




Size Extensivity

CC equations contain only aconnectefperms

correct (linear) scaling with

=> Sslze extensivity size of systems/number of electrons

ensures that quality of results is independent of size

connected terms linear scaling

disconnected terms quadratic, cubic, (unphysical) scaling




Size Extensivity

disconnectedterm (WT), connectedterm (WT),
system A
one contribution onecontribution
(W from A, T from A) (W from A, T from A)
system A+B

four contribution
(W from A, T from A
W from A, T from B,
W from B, T from A
W from B. T from B)

two contribution
(W from A, T from A
W from B, T from B)

guadratic scaling (wrong!) linear scaling




Detalled Expressions for the CC Equations

Yalgebraic analysis via WickOs theorem

>tedious not recommended

> suitable for computer algebra

¥analysis by means of diagrammatic techniques

>Isimple access vigraphical representations

>lAutomatic elimination of non-contributing term

> [better) suitable for computer algebra




| X.

Diagrammatic Technigues in CC Theory



Diagrammatic Representation: Operators

operators foofa ag) . oy
(pqllrs){ alalasar} — W
ti/{a,a,a;a;} — T
. / product of creation and
matrix element annihilation operators
graphical representation fn .
symbol with vertices Ko
number of vertices = Wy

number of p*q pairs S . . .




Diagrammatic Representation: Operators

QP-creation/annihilation operators — lines

QP-creation operators (QPC) — linesabovevertex

QP-annihilation operators (QPA) — lines below vertex

2 QPC 2 QPA 1 QPC and QPA

arrow direction

particles (virtual orbitals) { upwards

noles occupiedorbitals) + downwards




Diagrammatic Representation: Operators

at each vertex there ione incomingand one outgoingline
(conservation of particle number)

a,a alal

(non existing)

eV eV

correct wrong




Diagrammatic Representation of the
Hamilton Operator

Lab||ij"{ azana; ai} (ial|jk) ol alaka; )} labj|cd'{a,a,a4ac}

labj|ci"{alala;a,}

-

hajac

lij [|kI"{alala,ay}
Laz||bc"{ a

ail|bj) {aqay aj av)

(
N < A

lj [|ka"{a; a; aaax }

ap} (ijllab){ ala’apaq.}




Diagrammatic Representation of the
Cluster Operator

Y4

tia {aaai}

VY

tiéjib { da Apd & }

i

VAERY

abc
Liik

{alalalaca; aj}

etc.




Diagrammatic Representation: Contractions

product of two operators4 and B

j@v

AB

°/

A

left operator (4) aboveright operator (B)




Diagrammatic Representation: Contractions

normal-ordered product form according to WickOs theorem

all adiagramsApin which the two operators are
connectedvia none, one, two, E lines

connection = contraction

connection only possible in the case shmedirections of arrows

connections only betweei@@PC in B and QPA In A4




Diagrammatic Representation: Contractions

example openlines
(remaining QPC and QPA)

s T
AB = \ ' internal line
=

Nno contraction onecontraction




Diagrammatic Representation: Contractions

example

109] (fi T1)c[O"

2 open lines




Connected, Disconnected, Linked, Unlinked

open with open lines
closed no open lines
connected all parts of the diagram are

connected via lines

not all parts of the diagram

disconnected o
are connected via lines

linked closed and aconnectefb

unlinked closed and adisconnecte&b




Diagrammatic Representation of the CCD Model

CC energy: () _________ ( )
CC equations: : ;«




Algebraic Analysis of Diagrams

Each line of the diagram corresponds to an index.
The indices of the open lines correspond to the
dtargetAjpdices(i, j, k, E in the case of holes and a, b, ¢, E
In the case of particles), the indices of the internal lines
correspond to the A&summatiorAndices(m, n, o, E in the
case of holes and e, f, g, Ein the case of particles)

target indices

a I b ]
-------- f
(Jm AN/ -
n summation indices




Algebraic Analysis of Diagrams

The symbols for the operatorsare replaced
by the correspondingmatrix elements

out
> ________ x . f(outin)
In

In :
N2 : :
outl\\j_/_1 _____ \\/ — (outlout2 || in1in2)
in :
N2
outl\f W g o




Algebraic Analysis of Diagrams

sum over all indices of thanternal lines

a I b target indices

"""" f
€ Om \\/\\/ \\/ ) .
n summation indices

=> - tee tf-b!mnHef"

mn ")
m,mn e,f




Algebraic Analysis of Diagrams

n equivalentlines (same arrow direction, connection
to same operator symbols) yield &actor of 1/n!

target indices

summation indices

equivalent lines ( factor 1/2

=> I tIP Vmn||ef"

mn "9
m,n e,f




Algebraic Analysis of Diagrams

n equivalentoperators (connected to the
same operator(s) via lines of the same
arrow direction) yield a factor of 1/n!

Voo 0y
N/

equivalent T, operators

=> factor 1/2




Algebraic Analysis of Diagrams

the sign of adiagram is givenas(-1y** with & asthe number
of ainternal holelinesAjelnd / asthe number of aloopsAp

6/0 AV

loop Internal hole lines

=> negative sign




Algebraic Analysis of Diagrams

sumover all non-equivalent permutations of the indices
of the open holeand particle lines, respectively

non equivalent \\/; equivalent

——P_(ab) | gea ¢ fb (mnllef)

2 mn 1)
m.n e, f

sign: (-1y with p as the parity of permutation
b (ab) Z(a,b) = Z(a,b) ' Z(b,a)




Diagrammatic Representation of the CCD Model

CC energy: () _________ ( )
CC equations: : ;«




CCD: Algebraic Expressions

CC energy:

Zz (1j]|ab) t ”]'

ab

CC equations:

0 = (ab||zj) + P_(ab) Z Jae f(b — P_(ij) Z Jmi T, ,,,/

( m

+ = Z (mnl|ij) t ’,’,],',, + EZ (le"f>ff
' (ab) ZZ mbHGJ tim

m e

4 L o

B _P (lb Z Z n)nH f /lnf// IL// o zp_(lj) Z Z <77I’7?H6’.' IL,,{ IL,’,,}
mn ef mn  ef

4+ = ZZ (mnl|ef) t" t :f + P ' (ab) ZZ (mnllef) j’,’,, /,,

mn ef mn ef




X.

Computational Realization of CC Approaches



Solution of CC Equations

Ino direct solution of (non-linear) CC equations possible

=> |terative schemes

rewrite CC equations

CCD: 0 = (cateo—a -ty + Z(E)
zeroth-order term higher-order terms

oliterative sequence

jab( 1) _ ijb(t?f(n)) ~—___ computed with
] — old amplitudes

_ gite;l eq! &
new amplitudes

Initial guess via MP2, convergence acceleration using DIIS




CC equations: zeroth-order term

. ao ]- cf
(mnlls) i+ 52 Gabllef) €]

(ab) Y > mbuej

mmn

m e
VS T |
(ab) YD mnllef) ], 1) — SP-(ij) Y] Y (mnllef) 6] ),
mn ef mn ef
( ¢ .bf
3 ZZ (mallef) 150, ¢+ 5P P-(ab) 32 7 Gmnllef) 5, 1
mn ef e

higher-order terms



Computational Cost

Z lmn[ij" t%)n — 4 ijb PR target indices i,j,a,b

m<n do it for all i<j and a<b
AN )N 2N 2
summation overm<n! ) n .2

=> total costis 1/8 p.2* N

VII’t

CCD

linear terms: 18 nyed* Nyin? + 1/8 ne2* Ny + Noed* Nyt 3

virt Vlrt

=> N° computational cost

non-linear terms: Z Z lmn||ef" t2° tfjf —# Z“b N8 cost???
m<ne<f




CCD equations:

linear terms

Vo= tablle) £ P ab_me t ~ P—“J)Z f"”lt('[']’)//
i ‘Z (mnlig) th, + —Z (abllef) ¢

mn

(ab) ZZ mbuez]
(ab) ZZ (mnllef) ti], t] — lp—(’i])zz (mnllef) ¢! o0

mn  ef mn  ef

+ - ZZ (mnl|ef) f(,l,m :;f P( )P_(a,b)ZZOnnHef) i f[,)'}f;'

mn  ef mn ef




CCD equations:

e

1
N ab
4+ = E (mnl|ij) t,),

mn

' (ab) ZZ mbHe] t

m

+ iz (@bllef) 1]

ab
Ij E fm/ le/

non-linear terms

/

Z Z (mnllef)

mn ef

(mnl|ef) t2 ¢

mn 1/

mn 1}

lL”f 2L( b .

—P—(?J) Z Z <'T7'2/72,-’ |€f> tjn t‘mj

mn ef

()Y ) ¢

mn ef

bf




Factorization of Terms

[} ] f
> Imnjlefrtin tf =# Z

m<n e<f

one-step evaluation => N® computational cost

a) > Imnflef"tf' =# Y™

e<f ) )
factorization

py > Y™ = Z
m<n

two-step evaluation => 2 N° computational cost




Definition of Intermediates

ystraightforward implementation (term by term)

I - ta'b ’ ) I fll tef tab 3

'mnHIJ mn + 'mn”e 1] mn
m<n m<n e<f >
N° cost 2 N6 cost )

¥via Intermediates
intermediate W,,,... = (mnl|ij) + <mn||ef)tff
e<f
N6 cost

_ oyl b
contraction Z Whnni ton N°¢ cost

3 N° cost

\

> 2 N¢ cost




CCD Formulated via Intermediates

. _ 1 o ab
CC energy: AE = 2% > (ijllab) tf]

1,7 a,b

CC equations: _ . : "
0 = <CleZ]> + P_(ab) Fae tﬁb - P—(Z.]) Fmi t%kl)

e m
1 ab 1 ef
Ty r;Wmnij ton + 5 ; (abfef) t;

+ P_(ij)P_(ab) Winbej 28
Intermediates: m e
Fi=fwity ey ¢ Wi =tmnllif” 5 3 tmnllef” ¢
n e,f € f
1 ; — N bf
Ii-ae = fae — ) , <mn”ef> tn{n Winbej = <mbHeJ> + D) zﬂ:zf: <mn||ef> tjn




Computational Cost

leading terms of CCD + CCSD

linear terms: 1/8 N A* N, +1/8 n.2*N,*+ n.2*N

virt V|rt

non-linear terms:  1/8 n, . ** N2 + n,.2* N3

total: 14 n 4*N,,2 +1/8 n.2* N, *+2n.3*N

virt virt V|rt

=> N° computational cost

less than 2 times as expensive as CID and CISD (linear terms only!




Standard CC Approaches

truncation of the cluster operator T-:

cluster operator approximation | cost
T=T 4T, CCSD N©
T=T +T,+T, CCSDT N8
T=T+T,+T5+T, CCSDTQ N0
T=T+T,+T+T,+#T5| CCSDTQP N12
E E E
T=T,+T,+ E+T FCI




Accuracy of CC Methods

deviation from FCI (in mH) for CO

o cC
SD 30.804 12.120
SDT 21.718 1.009
SDTQ 1.775 0.061
SDTQP 0.559 0.008
SDTQPH 0.035 0.002

calculations with cc-pVDZ basis, frozen core

E(FCI) = -113.055853 H




Historical Remarks

>UCC theory

>Ufirst CC computations
(semiempirical, min. basig

>UCCD implementation

>UCCSD implementation
>Uefficient closed-shell CCSD

>UCCSDT implementation

>UCCSDTQ implementation

>Ugeneral CC models

ek , 1966

I"ek , 1966
I"'ek , Paldus Shavitt 1972

Popleandco-workers 1978
Bartlett, Purvis 1978

Purvis Bartlett, 1982

Schaefer and co-workers, 1987

Noga, Bartlett, 1987
Scuseria and Schaefer, 1988

Oliphant, Adamowicz, 1991
Kucharski, Bartlett, 1991

Olsen, 2000K*llay, Surjtn 2001, Hirata, 2003




XI.

Approximate Treatment of Higher Excitations



Need for Higher Excitations

High-Accuracy Calculations:

1 kJ/mol or better in thermochemical applications

0.1 pm accuracy in computed bond distances

require considerations of excitations beyond singles and doubles

=> triples, quadruples, ...




CCSDT Equations

H = Egr + fnv + Wy T = 17 +15 + 13

E = Egr + (O(fnT1)e + (WNT2)e + %((WNTl)c)Tl)c 0)

projection on singly excited determinants

additional term
0 = (2s] /v due to T,

+(f NTl)c + (WNT1>C

FUNTR)e + (W T)e + 5 (NTDT)e + 5 (W) 70,

(Wi Ta)eTh)e + %(((WN T1)eT1)e)Th)e + (W T)e|0)




CCSDT Equations

H = Egr + fnv + Wy T = 17 +15 + 13

projection on doubly excited determinants

0 = I(I)D‘ WN
additional terms
+HWNT1)e dueto T,
1
FUNT2)e + (W To)e + o (Wh Th)eTh ) /
1
+(<fNT2)CT1)c + ((WNTQ)CTl)c + 5(((WNT1)CT1)CT1>C

+(fnT3)e + (WATS),

—I—%((WNT2)0T2>C + %(((WNT2)CT1)CT1>C + %((((WNTl)CTl)C )ch)c
+((WnT5)c11)|0)




CCSDT Equations

H = FEgrp + fnv + Wy T = T, + T + T3

projection on triply excited determinants
0 = (Pr|(WNT2)c + (fnT3)c + (WNT3)e + (WNT2)cT1)ce
1 1
+((fnT3)cTh)e + 5((fN T5)cTs)c + 5((WN T5)cTo)c + (WnT3)cTh)e

# (WA T2)T1)eTr)e + (Wat T)eToe + S (W To)eT1)eTo)e

5 (WNT)T)T e+ (WN)To)e )3T, 0

shorthand notation

In the sense that all Ts are

|
(WNT2)cTh)e ' (WNT2Th)c connected to f or W/




CCSDT Equations

projection on triply excited determinants

0 = !(I)T’ (WNTZ)C + (fNT3)c + (WNT3)C

+ (WNT2Th)e + (fnT5T0)c + %(fN T3)c

1 1
+ é(WNTQQ)C + (WNT5TY) e + é(WNT2T12)c

1 1
+(WNT3To)e + S(Wiy TETy)c + 5 (M T5T7)c

1
+ 5y (WaT2TF). (0!

aproblemsAjith CCSDT CCSD for comparison

«lcomputational cost : N’ «lcomputational cost : N’
eIstorage of triples amplitudes: N eIstorage of doubles amplitudes: N

two orders of magnitudes more expensive




lterative Approximations to CCSDT

additional approximations in the amplitude equations

>Uno storageof amplitudes for highestexcitation

>Ureducedscalingin computational cost

=> CCSDT-n (n=1-3) Bartlgtgzr;d 1cg{-3v7v)orkers

=> CC3 (within CCn hierarchy) Jérgense(”lgaé”?‘;' co-workers




lterative Approximations to CCSDT

triples equations

0 = 1®7| (WaTs)e + (fnT3)e + (WrTs),

(WnTS)e + (WnT3Ty)e + §(WNT2T12)C

+ (WNTTy)e + (fNT5T1)e +

HN}I}—L

L]
2

1 1
+ (W BsTo)e + 5 (W T22T1>c+§<WN T5T7)e

1
+ g(WN T2T13)c 10)

N8 terms: to be skipped in all cases




lterative Approximations to CCSDT

reduced scaling

all N® terms involve contractions withT5 in the triples equations
only remaining term with 7,
(f\T;). ! T, equation (Tat Tp+le—1i+ 1+ 1)) °

scaling of remaining terms

terms in the T3 equations: N (dominates cost)
(Wt W\T))T;). =2 T,equation: N (dominates cost)
(WyT;). ! T,equation: N©

overall cost: O(N) per iteration




lterative Approximations to CCSDT

storage of7,; amplitudes

Z_abC(t?(n) tgb(n))

tgbc(n+1) — ijk 1 L]
Uk (Li+ 1+ el Tl Tyl 1Y)
compute the triples aon the flAp Independent of 7,

followed by immediate
calculation of 7, contribution
to singles and doubles

(without storage)




lterative Approximations to CCSDT

triples equations

0 = &7 (WNT2)e + (fnT3)e + (WNT3)e

1
+ g(WN T2T13)c 10)

CCSDT-1: = CCSDT-3; == + == 4 =
CCSDT-2; === + = CC3: == 4 ==




Accuracy of Approximate Treatments of Triples

deviation from FCl and CCSDT (in mH) for CO

A(FCI) A(CCSDT)
CCSD 12.12 11.11
CCSDT-1 0.13 -0.88
CCSDT-2 1.52 0.51
CCSDT-3 1.47 0.46
CC3 0.12 -0.89

calculations with cc-pVDZ basis, frozen core



Non-Iterative Approximations to CCSDT

two-step procedure:

¥perform CCSD calculation
T=T,+ T,

¥add perturbative corrections due to7;,
E = E(CCSD) + "E(T)

use of converged,land T, amplitudes

( CCSD+T(CCSD), CCSD(T), ....




Coupled-Cluster and Perturbation Theory

perturbative expansion of CC energy and equations

Ho = Eugr + fu E =EFE9 + g0 4 g@ L |

HO = Wy 7T =178 4+ 7@ L 76 L

>Urecovers M¢ ller-Plesset (MP) perturbation theory

>IUCCSD containsall second and third -order terms,
lacks somehigher-order terms

>UCC sumscertain terms (via iterative solution)
to infinite order

>Ucorrect CC energyfor missingterms using
perturbation theory




Coupled-Cluster and Perturbation Theory

perturbative triples correction to energy

2
L Er = 10| T, fu TR 0"

\

second-order T;, from MP4

compute T, with converged CCSD amplitudes
' By = 10|15 fn T3 |0"

defines CCSD+T(CCSD)

Urban, Noga, Cole, Bartlett, 1985




Coupled-Cluster and Perturbation Theory

additional consideration of a singles contribution

2
AE = 0 7% wy 72 |0y

fifth-order term!
triples correction to energy (converged amplitudes)

AEpr = 10 (73 fn + Ty Wy) T3 |0

defines CCSD(T)

Raghavachari, Trucks, Pople, Head-Gordon, 19t




CCSD(T)

perturbative corrections on top of CCSD

¥fourth-order contribution

b
B = & el
. T - -~
36 G abe RISV ETIED
wi® = P(ij/k)P(ab/))  tbellek” £5#  tmel|jk" €55

e m

computed with CCSD amplitudes
¥fifth-order contribution

abcabce

1 Wik Wk
AEr(5) = — T
T<) 36 ZZ (8i+€j+€k! ea! ep! 50)

1,7,k a,b,c

wibe = P(ij/k)P(ab/c) (bc||jk) t]

permutation operator:  P(pq/r) Z(pqr) = Z(pqr)+ Z(qrp) + Z(rpq)




CCSD(T)

computational cost

wi = P(ij/k)P(ab/e)  lbellek” 5 #  tme|ljk" 155

e m

one summaton index (e or m)
=> cost scale with g.>N,;*

virt

six target index (i,j,k,a,b,c)

CCSD(T): cost N per iteration, N’ for non-iterative step

no need to storel; amplitudes




Accuracy of Approximate Treatments of Triples

deviation from FCl and CCSDT (in mH) for CO

A(FCI) A(CCSDT)

CCSD 12.12 11.11
CCSDT-1 0.13 -0.88
CCSDT-2 1.52 0.51
CCSDT-3 1.47 0.46
CC3 0.12 -0.89
CCSD(T) 1.47 0.46
CCSD+T -0.05 -1.06

calculations with cc-pVDZ basis, frozen core



Further Developments

perturbative triples
o/ *-CCSD(T)
replaces T by Ag
slightly more stable
o/ CCSD(T-n), n=2,3,4,...
most rigorous treatment
n=4 required to match CCSD(T)

perturbative quadruples

o/ CCSDT(Q)
non-iterative N° analogue to CCSD(T)

.l CCSDT(Q-n), n=2,3,4,...
Most I’igOI’OUS freatment

Crawford, Stanton, 199
Kucharski, Bartlett, 1994

Eriksen et al., 2014

Bomble et al., 2005

Eriksen et al., 2015

D

?




XII.

Computational Thermochemistry:
A Perfect Playground for CC Theory



Computational

hermochemistry

guantum-chemicalcalculation of thermochemical
energiesvia energydifferences

most often computed

atomization energies

calculation involves

electronic part

heatsof formation

non-electronicpart

e.g vibrational corrections




Chemical Accuracy

accuracyrequired for realistic chemicalpredictions

1 kcal/mol — 4.184 kJ/mol
4.33-10%eV

350 cmt?
1.59mHartree

sub-chemicalaccuracy. 1 kJ/mol and better

density-functional theory not accurateenough




Approximate Quantum Chemistry

electron correlation

FCI

CC

( CCSDTQ
CCSDT
CCSD(T)

. CCSD

<

HF-SCF

cc-pvVDZ

FCIl/infinite basis

cc-pVvVTZ cc-pvVQZ cc-pVaZ

E.

basisset




Approximate Quantum Chemistry

electron correlation

FCIl/infinite basis

L.,

..........

basisset




Basis-Set Extrapolation: HF Energy

E

-112.780

-112.785

-112.790

extrapolation of HF-SCF energy

d

TZ QZ 57 6Z

E(HF-SCF /aug-cc-pVXZ) = E°(HF-SCF) + a exp(—bX)

/

extrapolated value

a, b, and E+(HF-SCF) from
3 HF-SCF energies

D. Feller,J. Chem. Phys98, 7059 (1993)




Basis-Set Extrapolation: Correlation Energy

-0.40

-0.41

-0.41

extrapolation of CC energy

Qz 52

AE>®(CC) =

/

extrapolated value

62 7Z 8Z

AFE(CClaug-cc-pVXZ) — %

¢ and" Ecxo(CC) from
2 CC energies

Helgaker et al.J. Chem. Phy<l06, 9639 (1997)



High-accuracy Extrapolated Ab-initio Thermochemistry

HF-SCF extrapolated (Q56)

+" CCSD(T) extrapolated (ag, 56)
+" CCSDT extrapolated (fc, TQ)
+" CCSDTQ fc, cc-pVDZ

+" CCSDTQP fc, cc-pVDZ

+ scalarrelativistic CCSD(T)/aug-cc-pCVTZ
+ SOsplittings MRCISD/cc-pVDZ+PP
+ ZPE (anharm.) CCSD(T)/cc-pvVQZ

+ DBOC CCSD/aug-cc-pCVQZ

Tajti et al.,J. Chem. Phydl 21, 11599 (2004)
Bombleet al.,J. Chem. Phyd 25 064108 (2006) Harding et al.J. Chem. Physl28 114111 (2008)




HEAT: Atomization Energy of CO

HF-SCF 730.13 extrapolated (Q56)

" CCSD(T) 356.53 extrapolated (ae, 56)
"CCSDT -2.37 extrapolated (fc, TQ)
"CCSDTQ 2.22 fc, cc-pVDZ
"CCSDTQP 0.13 fc, cc-pVDZ
scalarrelativistic -0.65 CCSD(T)/aug-cc-pCVTZ
SO splittings -1.20 MRCISD/cc-pvVDZ+PP
ZPE (anharm.) -12.99 CCSD(T)/cc-pvVQZ
DBOC 0.02 CCSD/aug-cc-pCVQZ
Sum (Theory) 1071.83

all energiesin kJ/mol
Experiment 1072.13+0.09

Harding et al.,J. Chem. Phyd28 114111 (2008)




Statistical Evaluation

High-accuracyExtrapolated Ab-initio Thermochemistry

atomization energiesof

N,, H,, F,, CO, O,, C,H,, CCH, CH,, CH, CH,,
CO,, H,0,, H,0, HCO, HF, HO,, NO, OH

meanerror max. error RMS error

-0.24 0.87 0.42

Harding et al.,J. Chem. Phyd28 114111 (2008)




XIII.
Closed- and Open-Shell CC Methods



Closed- and Open-Shell Systems

1T

closed shell

= RHF reference

spin-adapted
CC formalism

FEIT

high-spin
open-shell

= UHF, ROHF reference

spin-orbital
CC formalism

TETT

low-spin
open-shell

multi-
=> determinantal
description

no routine
CC treatment




Closed-Shell CC Approaches

restricted HF reference

- n 1
0! © N 0180 ... dnja8n sl
doubly occupied | \

spatial orbitals

, Spin orbital
- spin orbital

=> relationships among two-electron integrals
(pdrs) = (palrs) = (pdlrs) =

Ipg||rs" = !pg|rs" # ! pqg|sr"




Closed-Shell CC Approaches

non-vanishing spin cases for amplitudes

- a b a8 g g o Ba 8
t? = g t?j — tg? t,?? — tgg? — —tzg — —t;i
$% %% $55% %%%% $%$% %%$%%$ $U
. [ — h N -~ . b_
in addition e = P12 tP = 4T

ij i i

only ,, (singles) and ,-,- (doubles) required




Closed-Shell CC: Spin Integration

closed-shell CCD
! consider only ,-,- amplitude equations
0 = ! ab\ eXp( Ty) H exp(Ty) |04
! consider only non-zero contributions based on spin cas
L j}aetfg +%+
! rewrite aTI terms using e and ,-,- quantities
Wméej im T meej im

1 .
A WmEéj tiGr%

1
= 5@ Wnpg + Wig) 217 — t7) + 3

2S

=> CCD equations in terms of f  ,q4,(pg|r8),and t &°




Closed-Shell CCD

| amplitude equations
0 = (ablij) + P_(ab) Z ﬁaet¢§ — P_(ij Z i t“gj

f
-5 W 8+ 3 )
m,n
1 . . YA aée ae
+ §P+<Zavjb) ZZ { (2 meej meeJ) (2 55 — tm’)

1 — a — _
+ 3 WmBeJ tmr — Wm6e| tae]

9 mi m |

! actual (optimal) computational cost

1
2 OCC]'V-2

! automatically spin adapted

virt virt virt

1
3 4
+ och + 4 och




Open-Shell CC Approaches: UHF-CC

unrestricted HF reference

different spatial

A 1 | I —" "
0) = ity oyt ooy | partsior , and
V(N + N Yo' spin orbitals
non-vanishing spin cases for amplitudes
a a ab ab ab _ tba _ | tba _ | tab
t t ts; ti tyy = 57 = 1t = 1t
$$ %% $$$$ %%%% $%0$% %$%N$  $Y

,, and -- (singles) and ,,,,, ----, and ,-,- (doubles) required

h%0




Open-Shell CC Approaches: UHF-CC

spin-integrated UHF-CCD equations

.y, 1---- SPIN cases

0 = labij" + P_(@aD)> Fut? # P_(i)> Fted
+ Winii tam  +  (ablef) ti?f
m<n e<f
+ P_(ij )P_(ab) PWinbej thy + PWinbe i
m e m e

equations are not spin adapted!




Open-Shell CC Approaches: UHF-CC

,-,- SpIin case
0 = a@||P> Z Faet + Z jfge,ta‘B Z Foi 128 Z P
+ WmnIJ tab 4 a8|ef9}t

¥ ZZ Wnie tin + ZZ Winie i + DD Winaei toy
m e

CYY Pt ZZ Wiaeitim + 2> Wit
m e m e

actual (optimal) computational cost
3

5
§ né’cc N \Z,irt + 20 n gcc N \?;irt + § n(ZDCC N f/rirt

4-5 times more expensive than RHF-CCD/CCSD




Open-Shell CC Approaches: ROHF-CC

restricted open-shell HF (ROHF) reference

1 B B same spatial
0) = o1 ... NP1 ... Oon,| partsfor ,and
v (Na + Np)! ’ - spin orbitals

,, and -- (singles) and ,,,,, ----, and ,-,- (doubles) required

actual (optimal) computational cost

2.5 r!)cc4Nvirt2 + 20 r@)cc3Nvirt3 +15 rJ)cc2 |\Ivirt4

essentially the same cost as UHF-CC




Spin-Orbital Based CC Methods

¥T containsspin-orbital excitations

¥no spin properties enforced

¥since S%,T k 0 incase of open-shell systems
= truncated CC wavefunctions no spin eigenfunctions

¥UHF-CC
1S?"ue # S(s+1) and 18%.c #  s(s+1)
¥YROHF-CC

!SZHROHF = S(s+1) but !SQHCC # s(s+1)




Spin-Adaption in CC Theory

¥generators of the unitary group

(S?,Ef] = 0 with Ef = Y  al, a
| =" #

¥closed-shell CC S~ |
summation

S . . a
>UT can be rewritten in terms of E; over spins
>Uspin adaptation trival

¥open-shell CC

>Uusage of E2 leads to non-commuting excitation operator

o=y Y RN L = (EY EY] = 13E8 0 1 EY

7

singly occupiedorbital appears asoccupiedand virtual

S



Current Status of Open-Shell CC Theory

¥spin-orbital approaches (UHF, ROHF reference)

>Ustandard choice

¥unitary-group based approaches JanssenSchaefer, 1991
>Urigorously spin adapted Li. Paldus 1994
>Ucomplicated, automatized implementations

¥partially spin-adapted approaches JanssenSchaefer, 1991
>Uopen-shell orbital(s) not spin adapted Knowles Hampel, Werner, 199
>Umuch simpler Neogridy Urban,Huba& 1994

¥spin-restricted approaches
>Uexact CC spin-expectation value Szalay Gauss, 1997

¥spin-free combinatoric approaches
>Uunitary group based, spin adapted Datta Mukherjee, 2008

3

>Umodified exponential ansatz




XIII.
Analytic Energy Derivatives in CC Theory



CC Lagrangian

! CC theory is nonvariational

>Udirect differentiation of CC energy involves derivatives of amplitudes

=> computationally inefficient!!

>Uefficient formulation of CC gradients via so-called CC Lagrangian

! CC Lagrangian Lagrange multipliers

Lce = !10lexp(" T)H exp(T)|0#+ 1, lexp(" T)H exp(T)|0s

/ | N

energy CC equationsasconstraints




Lambda Operator

Lo = 10lexp(" T)H exp(T’)|0#+ Ar ! lexp(" T)H exp(T)|0¢

1
compactnotation /

Lee = (0l (1+ 1) exp(=T) H exp(T) |0)
A deexcitationoperator I = 1+ 1o+ ...
L _ 1 .
Ay = 1 ajaa Ay = T ZZ)\% ajaaa}ab
i a i,j a,b

diagrammatic representation 7? 7 \ ] \




Stationarity Conditions

wrt .-amplitudes

O

=0 = 0 = (9 |exp(—T)H exp(T)|0)
CC equations
wrt t-amplitudes

!:_tCIC =0 = 0= (01 + A)(exp(—T)H exp(T) — E)|®;)

A equations

stationarity => (2n+1) rule for t-amplitudes and (2n+2) for .-ampliutudes




CC Gradients

! differentiate CC Lagrangian wrt perturbation x

Lee = (0 (1+A) exp(=T) H exp(T) |0)

I exploit (2n+1)and (2n+2)rule

(’;_I)E( = (0| (1 + A) exp(-T) %—I;I( exp(T) [0)

no perturbed t- and .-amplitudes required!




CCD Gradients

cluster operator T =T,

Lambda operator 1 = 1,

CCD Lagrangian

Lcep = (O] A+ ! 2) exp(—Tz2) H exp(T2) |0)

CCD amplitude equations
0 = (Pp| exp(—Tz2) H exp(Tz2) |0)

CCD lambda equations
0 = 10/ (1 + !)(exp(" T2) H exp(Tz) "

Eccp) |" p?




A Equations for CCD: Diagrams




A Equations for CCD: Algebraic Form

0 = (ij|lab) + P_(ab) Z A ZZ (mnllaf) t! }

m.n f

- P—(’J)Z /\::;)/ {fim + ZZ tmn (inflef)}

m

+ < ZN,’E,“ (ijllmn) + Z (jllef) o]}

mm

L ZX’ efllab) + Z (mnl|ab) ], )

mn

' (ab) ZZ X’“ {{ej||mb) + ZZ (njl| fo) t ,,,,,

m

— —P (ab) ZZ (ij||eb) ¢ Aot —  (77) ZZ (mjl|ab) t¢ )\’”

mi (‘ mi (&

(perturbation independen) linear equationsfor A amplitudes




Density Matrices in CC Gradient Theory

Introduction of density matrices

OE OH
— = 10| (@ + V) exp(" T) — exp(T) |0
— @+ 1) exp(" T) S exp(T) |
L f pQH?“8>
S SN LD o)
P,q ' P,q,7,s .\
/ reduced two-particle
reduced one-particle density matrix
density matrix 10](1 + A) exp(" T){agaaasar} exp(7T)|0#

O1(L + A)exp(—T){ayaq} exp(T)|0)

gradients in terms of integral derivatives and density matrices




Diagrams for CCD Density Matrices

¥one-particle density matrix

D

¥two-particle density matrix

= ) O A

y

mm\/v V.oV
IS u




Algebraic Expressions for CCD Density Matrices

¥one-particle density matrix
1t 1! !
B | Jm ef — b
m ef m,n e
¥two-particle density matrix
1°: 1°
! jkl — 3 . g‘ t” Fabcd - é ranbn tcriﬂdn
m,n
im be ]
CL]Zb — ZZ )\ae t !abij = Igb
Tijabp = t50+ ZZ L mged eob) P (i) P (ab) y > 1o )
m n e, f m,n e,f
eb af - mn gef ab
n @YY e oYY
m,n e,f m,n e,f




CC Gradients with Orbital Relaxation

extendedLagrangian

CC Lagrangian + orbital constraints

Lee = (0] (1+A) exp(=T) H exp(T) |0)

- Lagrange
multipliers

+ QZZ Dyi fai + leq (Z C;l;pS,UJ’/CVq - !pq>
a / P,q TN /

Brillouin condition orthonormality of MOs

CC energyand CC equations

stationarity conditions = elimination of MO derivatives




CC Gradients with Orbital Relaxation

parameterization of orbital changes

occ-occe

/ .
CHP — E Clq qu matrix T
q vrt-occ

occ-vrt
vit-vit

general (non-unitary ) transformation

stationarity requirements

1 -0 = .
( ) OTap 2
L
@ % =0 =t I+
1a
'Leco .
(3) = = 0 = Z:vector equations for D,
oL
(4) €€ —0 24 5

T,




Z-Vector Equations for CC Gradients

Z-vector equations

Demlaellim" 4+ lamllie" + 04e Oim (ea # €;)] = # X

with 1°
Xai = (Fiqu (ap||qr) + Lgrip (qr||ap))

(" apgr "ip|lgr# + ! grap "qr||ip#)

Dpg (Ypal[qi” + !pif|ga’)

linear equationsfor orbital relaxation contribution to D,




CC Gradients with Orbital Relaxation

differentiation of &extended CCLagrangian

Hamiltonian with

/ AO derivative integrals

= (0] (1 + A) exp(=T) H* exp(T) |0)

+ 2 D 4 Cpa - 7 G
i ) R D% " I X
0S
+ I c _ c:& /
%q: ba “z; S AO derivative integrals

containsno derivative of wavefunction parameters




AO Formulation of CC Gradients

differentiation of d&extendedO energy functional

OE | 1! o
3 = Dpq fa! + 5 | pgrs !pAllrs™ + loa Sh
P.q P.q.1,S P.q

integral derivatives contain no MO derivative contributions

reformulation in AO representation

| E u #$ 1 L(u" ||#$) !
LE . ZDW<_ +ZDSCF 1 >>+ZZ!W<_ N
nv

H,V,0,p0 /‘L’|

density matrices and intermediates backtransformed to AO basis




Implementation of CC Gradients

required steps for gradients

CC and A equations(~ N%,N3,...)

CC density matrices (~ N%,N53,...)

!

MO — AO transformation of density matrices (~ N°)

l

contraction with integral derivatives (no storage ~ N¥)

computational costdo notscalewith N,

ert



Historical Remarks

>UCC Lambda operator
>UZ-vector method

>ULagrangian technique

>UCCSD gradients
>Uopen-shell CCSD gradients
>UUCCSD(T) gradients

>UCCSDT gradients

>Ugeneral CC gradients

Arponen 1983
Adamowicz Bartlett, 1984

Handy, Schaefer, 1984

J¢érgensertielgaker 1988

Schaefer and co-workers, 1987
Gauss, Stanton, Bartlett 1991

Scuseria, 1991, Lee, Rendell 1991
Watts, Gauss, Bartlett, 1992

Gauss, Stanton 2001

Ktllay, Szalay Gauss, 2003




Accuracy of CC Geometrical Parameters

calculated r(OH) for H,O (in ¢ )

o CC
SD 0.96131 0.9/435
SD(T) 0.96575
SDT 0.98251 0.96B3
SDTQ 0.9633 0.9664
SDTQP 0.9606 0.96616
SDTQPH 0.96616 0.96616
FCI 0.96616

calculationswith ccpVDZ basis



XIV.
Availability and Applicability



Standard CC Approaches

6
CCSD N many programs such as

ACES2, ACES3 CFOUR, DALTON, GAUSSIAN,
GAMESS, MOLCAS, MOLPRO, NWCHEM,

CCSD(T) N GRea, PSI, PySCF, Q-CHEM, TURBOMOLE, ...

CCSDT N8 ACES2. CFOUR, NWCHEM

CCSDT(Q) N¢®
CFOUR, MRCC

CCSDTQ N10




XV.
What is Still Missing?



Further Topics (not covered)

large molecules (linear scaling)

e.g.,local CC methods(! F.Neesg multi-reference treatments
e.g.,Mk-MRCC, ic-MRCC (not routine!)

explicitly-correlated CC methods properties via CC methods
R12-CCand F12-CC analytic CC derivatives
responsetheory

(! T. Helgaker, J. Olsen)
higher excitations in CC theory

general CC excited states via CC methods
automatized implementation equation-of-motion (EOM) CC
string-based methods CC response theory(! Friday)

S other open-shell CC methods
relativistic effects EOM-IP-CC

4- and 2-component CQ! L. Visscher) Fock-spaceCC




