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Experiment vs. theory

Matter is typically probed by electromagnetic radiation.

The experimentalist works at the macroscopic level and
typically records the reponse of the electromagnetic field.

The theoreticien works at the microscopic level and
typically calculates the molecular response.

In order to connect experiment and theory
we must reconcile these two different approaches.
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Asking Nature ... and the computer

The quantum mechanical equivalent of the outcome of a series of
experiments is an expectation value, e.g.

dipole moment: µ = ⟨Ψ |−er|Ψ⟩
charge density: ρ (r) = ⟨Ψ |−eδ (r − r′)|Ψ⟩
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Molecular properties and response theory

ρ = ρ(0) + ρ(1)Fz +
1
2!ρ

(2)F 2
z + 1

3!ρ
(3)F 3

z + 1
4!ρ

(4)F 4
z + 1

5!ρ
(5)F 5

z + . . .

µi =
∫
riρ

(0)dτ +

∫
riρ

(z)dτ︸ ︷︷ ︸
αiz

Fz +
1
2!

∫
riρ

(zz)dτ︸ ︷︷ ︸
βizz

FzFz + . . .

Trond Saue (LCPQ, Toulouse) Molecular properties: basics Stockholm 2021 3 / 20



Theoretical model chemistries

Computational cost: xNy

The electronic Hamiltonian, relativistic or not, has the same generic form
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Components of the electronic Hamiltonian

One-electron part: ĥ = ĥ0 + VeN

▶ non-relativistic case:

ĥ0 =
p2

2m
▶ relativistic case:

ĥ0 =

[
+mc2 c (σ · p)
c (σ · p) −mc2

]

Two-electron part:
▶ non-relativistic case:

ĝ(1, 2) =
1

r12
▶ relativistic case:

ĝ(1, 2) =
1

r12
+

{
magnetic interactions

retardation
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Particles and fields

H = Hp + Hint + Hf

Hp : Hamiltonian of particle

Hf : Hamiltonian of electromagnetic field

Hint : Hamiltonian of interaction

In the following we will consider the construction of our
Hamiltonian
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Principle of stationary action

The action

S [r] =

∫ tb

ta

L (r, v, t) dt; v =
dr

dt

▶ is a functional of the particle trajectory r(t)
▶ is an integral over the Lagrangian from initial time ta to final time tb

The actual trajectory leads to stationary action

δS = S [r + δr]− S [r] = 0; δr(ta) = δr(tb) = 0
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Variational calculcus
Functional derivative

Derivative of a function

f (x) ⇒ df =

(
df

dx

)
dx

Derivative of a functional

E [ρ(r)] ⇒ δE =

∫ (
δE

δρ (r)

)
δρ (r) d3r
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Variational calculus
Stationary action

We seek the minimum:

δS

δr(t)
= 0

δS =

∫ tb

ta

(
δS

δr(t)

)
δr(t)dt

=

∫ tb

ta

[L(r + δr, v + δv, t)− L(r, v, t)] dt; δr(ta) = δr(tb) = 0

=

∫ tb

ta

[(
∂L

∂r

)
δr +

(
∂L

∂v

)
δv

]
dt = 0
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Variational calculus
Stationary action

By partial integration∫ tb

ta

(
∂L

∂v

)
δvdt =

(
∂L

∂v

)
δr

∣∣∣∣tb
ta︸ ︷︷ ︸

=0

−
∫ tb

ta

d

dt

(
∂L

∂v

)
δrdt

...one obtains

δS =

∫ tb

ta

(
δS

δr(t)

)
δr(t)dt =

∫ tb

ta

[(
∂L

∂r

)
− d

dt

(
∂L

∂v

)]
δrdt = 0

Trond Saue (LCPQ, Toulouse) Molecular properties: basics Stockholm 2021 10 / 20



The Euler-Lagrange equations

(
∂L

∂r

)
− d

dt

(
∂L

∂v

)
= 0

The Lagrangian is chosen so as to give trajectories
in accordance with experiments

General form: L = T − U


T (v) − kinetic energy

U(r, v, t) − generalized potential

We may re-write the Euler–Lagrange equations as

F =
d

dt

(
∂T

∂v

)
= ma = −∂U

∂r
+

d

dt

(
∂U

∂v

)
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Choosing the Lagrangian
Free particle

Homogeneity of space: no dependence on position r

Isotropy of space: no dependence on direction of movement

Homogeneity of time: no dependence on time

L(r, v, t) → L (v) ∼ v2

(Non-relativistic) free particle: L = T = 1
2mv2 ⇒ F = ma = 0
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Hamiltonian

Legendre transformation

H (r, p, t) = p · v − L (r, v, t)

Momentum:
∂H

∂v
= 0; ⇒ p =

∂L

∂v
=

∂T

∂v
− ∂U

∂v

Equations of motion:

∂H

∂r
= −∂L

∂r
= −dp

dt
;

∂H

∂p
= v =

dr

dt

Total time derivative:

dH

dt
=

∂H

∂r
· dr
dt

+
∂H

∂p
· dp
dt

+
∂H

∂t
=

∂H

∂t
= −∂L

∂t

The Hamiltonian is a constant of motion (energy is conserved)
when the Lagrangian has no explicit time dependence
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Quantization
Non-relativistic free particle

1 Determine the Lagrangian who, according to the principle of
stationary action, gives the correct equations of motion

Lp =
1

2
mv2

2 Determine momentum p =
∂Lp
∂v

= mv

3 Construct the Hamiltonian by a Legendre transform

Hp = p · v − Lp =
1

2
mv2 =

p2

2m

4 Quantize by replacing classical variables by quantized operators

p → p̂ = −iℏ∇; r → r̂ = r; E → iℏ
∂

∂t
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Quantization
Relativistic free particle

1 Lagrangian:

LRp = −γ−1mc2 = −mc2 +
1

2
mv2 +

1

8
mv2

v2

c2
+ . . . ; γ =

1√
1− v2

c2

2 Momentum: p = γmv

3 Hamiltonian:

HR
p = γmc2 =

√
m2c4 + c2p2 = mc2︸︷︷︸

rest mass

+
p2

2m
− p4

8m3c4
+ . . .︸ ︷︷ ︸

kinetic energy

4 Quantization:
▶ ask Dirac
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Equations for particles or fields

Complete Lagrangian:

L = Lp(articles) + Lint(eraction) + Lf(ields)

Interaction term:

Lint =

∫
jµAµd

3r′ =

∫ [
j
(
r′, t

)
· A

(
r′, t

)
− ρ

(
r′, t

)
ϕ
(
r′, t

)]
d3r′

Fixing the particles (as sources), the term Lp drop out of the
equations of motion, and we obtain Maxwell’s equations.

Let us now consider the equations of motion obtained for a single
point charge in fixed fields
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Point charge in fixed fields
Lagrangian

Point charge with trajectory r(t):

ρ(r′) = qδ (r′ − r (t)) ; j(r′) = qv′δ (r′ − r (t))

Interaction term:

Lint =

∫
[j (r′, t) · A (r′, t)− ρ (r′, t)ϕ (r′, t)] d3r′

= qv(t) · A(r (t) , t)− qϕ(r (t) , t)

The Euler-Lagrange equation

∇L− d

dt

(
∂L

∂v

)
= 0; L = Lp + Lint

..can be reformulated as

∇Lint −
d

dt

(
∂Lint
∂v

)
=

d

dt

(
∂Lp
∂v

)
=

dπ

dt
= F
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Lorentz force

We start from

F =
dπ

dt
= ∇Lint −

d

dt

(
∂Lint
∂v

)
; π =

∂Lp
∂v

Working component-wise
▶ ∇iLint = q

∑
j vj∇iAj − q∇iϕ

▶
∂Lint
∂vi

= qAi (r (t) , t)

▶
d

dt

(
∂Lint
∂vi

)
= q

∂Ai

∂t
+
∑
j

∂Ai

∂rj

drj
dt

 = q

∂Ai

∂t
+

∑
j

vj∇jAi


Putting all together

F = qE+ q (v × B) ;
E = −∇ϕ− ∂A

∂t
B = ∇× A
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Point charge in fixed fields
Hamiltonian

Momentum

p =
∂L

∂v
= π + qA; π =

∂Lp
∂v

(mechanical momentum)

Hamiltonian
H (r,p, t) = p · v − L (r, v, t)

We split off
▶ Hp = π · v − Lp
▶ Hint = qA(r, t) · v − Lint = qϕ(r, t)

Final result
H (r,p, t) = Hp (r,π, t) + qϕ(r, t)

Principle of minimal electromagnetic coupling

pµ → pµ − qAµ

This relativistic coupling of particles and fields is also used in the
non-relativistic domain.
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Principle of minimal electromagnetic coupling

First reference:
▶ M. Gell-Mann, Nuovo Cimento Suppl. 4 (1956) 848 – 866.

Verification:
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