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Maxwell’s equations
for electric field E and magnetic field B in terms of sources ρ and j

The homogeneous pair:

∇ · B = 0

∇× E+ ∂tB = 0; ∂tB =
∂B

∂t

The inhomogeneous pair (sources):

∇ · E = ρ/ε0

∇× B− 1

c2
∂tE = µ0j

Electric and magnetic constants:

µ0ε0 =
1

c2

Introducing electromagnetic potentials solves the homogeneous pair

E = −∇ϕ− ∂A

∂t
; B = ∇× A
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Maxwell’s equations: The stationary case

The homogeneous pair:

∇ · B = 0

∇× E = 0

The inhomogeneous pair:

∇ · E = ρ/ε0

∇× B = µ0j

Implies steady currents:
∇ · j = 0 = −∂tρ

A useful formula:
∇× (∇× F) = ∇ (∇ · F)−∇2F
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Maxwell’s equations: The stationary case
Electrostatics

∇2E = ∇ (∇ · E)︸ ︷︷ ︸
ρ/ε0

−∇× (∇× E)︸ ︷︷ ︸
= 0

= ∇ρ/ε0

Siméon Denis Poisson
(1781-1840)

Each component of the electric field fulfills
the Poisson equation:

∇2Ψ(r1, t) = f (r1, t)

with solutions

Ψ(r1, t) = −
1

4π

∫
f (r2, t)

r12
d3r2
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Maxwell’s equations: The stationary case
Electrostatics

E(r1) = − 1

4πε0

∫
∇2ρ (r2)

r12
d3r2 =

1

4πε0

∫
r12ρ (r2)

r 312
d3r2

Charles-Augustin de Coulomb
(1736 - 1806)

Coulomb’s law:

F(r1) = q1E(r1)

=
q1

4πε0

∫ (
r1 − r′

)
ρ
(
r′
)

|r1 − r′|3
d3r′

Point charge:

ρ(r′) = q2δ
(
r′ − r2

)
⇒ F(r1) =

q1q2r12

4πε0r312

Scalar form:

r12 = r12n12 → F =
q1q2

4πε0r212
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Maxwell’s equations: The stationary case
Magnetostatics

∇2B = ∇ (∇ · B)︸ ︷︷ ︸
= 0

−∇× (∇× B)︸ ︷︷ ︸
µ0j

= −µ0 (∇× j)

Jean-Baptiste Biot

(1774-1862)

Biot-Savart law:

B(r1) = − µ0

4π

∫
r12 × j(r2)

r 312
d3r2

It would be tempting to insert the expression for
a moving point charge

j
(
r′
)
= q2v2δ

(
r′ − r2(t)

)
but this is wrong, since a moving charge is not a
steady current.
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Hamiltonian in external fields

From classical mechanics

H (r, p, t) = Hp (r,π, t) + qϕ(r, t); p = π + qA

Minimal substitution (q = −e):

Ĥ → Ĥ − eϕ; p̂ → π̂ = p̂+ eA

This relativistic coupling of particles and fields
is also used in the non-relativistic domain.
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Non-relativistic Hamiltonian in external fields

Minimal substitution gives

hNR0 =
p̂2

2m
→ hNR =

π̂2

2m
− eϕ =

p̂2

2m
+

e

2m
[p̂ · A+ A · p̂] +

e2A2

2m
− eϕ

▶ no spin interactions

The Dirac identity
(σ · A) (σ · B) = A · B+ iσ · (A× B)

A special case
(σ · p̂) (σ · p̂) = p̂2

suggests that spin is “hidden” in the non-relativistic operator.
Minimal substitution then gives

hNR0 =
(σ · p̂)2

2m
→ hNR =

(σ · π̂)2

2m
− eϕ

=
p̂2

2m
+

e

2m
[p̂ · A + A · p̂] +

e2A2

2m
+

eℏ
2m

(σ · B) − eϕ
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Relativistic Hamiltonian in external fields

Minimal substitution gives

hR
0 = βmc2 + c (α · p) → hR = βmc2 + c (α · p) + ec (α · A)− eϕ

The expectation value of the interaction Hamiltonian is given in terms of the
electromagnetic potentials

⟨Hint⟩ =
∫

[ρ(r)ϕ(r)− j(r) · A(r)] d3r

Is it possible to express the interaction Hamiltonian directly
in terms of electromagnetic fields ?

▶ The answer is: Yes,
▶ using multipolar gauge
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Multipolar gauge
Taylor expansion of electromagnetic potentials

Scalar potential:

ϕ̃ (r, t) = ϕ̃ (a, t) +
[(
δ ·∇′) ϕ̃ (r′, t)]

r′=a
+ . . .

=
∞∑
n=0

1

n!

[(
δ ·∇′)n ϕ̃ (r′, t)]

r′=a
; δ = r − a

where a is the expansion point.
▶ We shall set a = 0, such that δ = r.

Likewise, for the vector potential

Ã (r, t) =
∞∑
n=0

1

n!

[(
r ·∇′)n Ã (

r′, t
)]

r′=0
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Multipolar gauge
Replacing potentials by fields

Using the relation E = −∇ϕ− ∂A

∂t
we obtain

ϕ̃ (r, t) = ϕ̃ (0, t) −
∑∞

n=1
1
n!

[
(r ·∇′)

n−1
(r · E (r′, t))

]
r′=0

− ∂
∂t

∑∞
n=1

1
n!

[
(r ·∇′)

n−1
(
r · Ã (r′, t)

)]
r′=0

which can be written as a gauge transformation

ϕ̃ (r, t) = ϕ (r, t)− ∂

∂t
χ (r, t)

with the gauge function

χ (r, t) =
∞∑
n=1

1

n!

[(
r ·∇′)n−1

(
r · Ã

(
r′, t

))]
r′=0
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Multipolar gauge
Final expressions

We next carry out the gauge transformation

Ã (r, t) = A (r, t) +∇χ (r, t)

After some further manipulations we arrive at the final expressions

ϕ (r, t) = ϕ̃ (0, t) −
∞∑
n=0

1
(n+1)!

[
(r ·∇′)

n
(r · E (r′, t))

]
r′=0

A (r, t) = −
∞∑
n=1

n

(n + 1)!

[
(r ·∇′)

n−1
(r × B (r′, t))

]
r′=0

What happended to gauge freedom ?
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Multipolar gauge
Examples

ϕ(r, t) = ϕ[0] −
∞∑
n=0

1

(n + 1)!
rj1 rj2 . . . rjn

(
r · E[n]

j1j2...jn

)

A(r, t) = −
∞∑
n=0

n + 1

(n + 2)!
rj1 rj2 . . . rjn

(
r × B

[n]
j1j2...jn

)
Uniform electric field:

ϕ(r, t) = −r · E[0]; A(r, t) = 0

Uniform magnetic field:

ϕ(r, t) = 0; A(r, t) =
1

2

(
B[0] × r

)
For a time-dependent uniform magnetic field
we get a non-uniform electric field as well

E(r, t) = −∇ϕ− ∂tA = −
1

2

(
r × ∂tB

[0]
)
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Multipole expansions

In multipolar gauge the expectation value of the interaction Hamiltonian takes the
form

⟨Hint⟩ =

∫
[ρ(r)ϕ(r)− j(r) · A(r)] d3r

= Q [0]ϕ[0] −
∞∑
n=1

1

n!
Q

[n]
j1j2...jn−1

· E[n−1]
j1...jn−1

−
∞∑
n=1

1

n!
m

[n]
j1j2...jn−1

· B[n−1]
j1...jn−1

where appears electric multipoles

Q
[n]
j1...jn

=

∫
rj1 rj2 . . . rjnρ(r)d

3r

and magnetic multipoles

m[n]
j1...jn−1

=
n

n + 1

∫
rj1 rj2 . . . rjn−1 [r × j(r)] d3r
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External fields
in terms of eletromagnetic potentials

Uniform electric field
ϕ (ri ) = −ri · E

Uniform magnetic field

A (ri ) =
1

2
(B× riG )

Nuclear spin:
mK = γIK ; γ - gyromagnetic ratio

Vector potential of point-like nuclear magnetic dipole

AK (ri ) =
µ0

4π

mK × riK
r 3iK

Corresponding magnetic field

BK (ri ) = ∇× AK =
µ0

4π

[
mK

8π

3
δ (riK )−

mK r
2
iK − 3riK (riK ·mK )

r 3iK

]
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Relativistic interaction Hamiltonians

General form:
ĥR
int = ec (α · A)− eϕ

Uniform electric field:
ĥE1 = −µ · E; µ = −er

Uniform magnetic field (Zeeman interaction):

ĥZ
rel = −me · B; me (ri ) =

1

2

(
riG × ĵrel

)
; ĵrel = −ecα

Nuclear spins:

ĥhfs
rel = −

∑
K

mK · B̂el

K ; B̂
el

K (ri ) = − µ0

4π

riK × ecα

r 3iK
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Non-relativistic interaction Hamiltonian

General form:

ĥNR
int =

e

2m
[p̂ · A+ A · p̂] + e2A2

2m
+

eℏ
2m

(σ · B)− eϕ

Coulomb gauge (∇ · A = 0)

ĥNR
int =

e

m
(A · p̂) + e2A2

2m
+

e

2m
(σ · B)− eϕ

Spin interaction:

ĥ =
eℏ
2m

(σ · B) → e

m
(ŝ · B) → gee

2m
(ŝ · B)

▶ Electronic g-factor
ge = 2.0023193043617(15)

Uniform electric field:
ĥE1 = −µ · E; µ = −er
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Non-relativistic interaction Hamiltonian
Zeeman interaction

General form:

ĥNR
int =

e

m
(A · p̂) + e2A2

2m
+

gee

2m
(ŝ · B)− eϕ

Uniform magnetic field (Zeeman interaction):
▶ Orbital Zeeman:

ĥOZ =
e

2m
ℓ̂G · B; ℓ̂G (i) = riG × p̂

▶ Spin Zeeman:

ĥSZ =
gee

2m
ŝ · B

▶ Total paramagnetic contribution:

ĥZ = −mpara · B; mpara (i) = −
e

2m

(
ℓ̂G (i) + ge ŝ (i)

)
▶ Diamagnetic contribution:

ĥdiaBB =
e2

8m

[
B2r2iG − (B · riG ) (riG · B)

]
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Non-relativistic interaction Hamiltonian
Hyperfine interaction

General form:

ĥNR
int =

e

m
(A · p̂) + e2A2

2m
+

gee

2m
(ŝ · B)− eϕ

Nuclear spins:
▶ Orbital contributions:

∑
K

ĥpsoK +
∑
KL

ĥdso

⋆ Paramagnetic spin-orbit:

ĥpsoK =
µ0

4π

e

mr3iK
m̂K · ℓ̂K

⋆ Diamagnetic spin-orbit:

ĥdsoKL =

(
e

2m

)2 ( µ0

4π

)2
[
(mK · mL) (riK · riL) − (mK · riL) (riK · mL)

r3iK r
3
iL

]

▶ Spin contributions:
∑
K

(
ĥfcK + ĥsdK

)
⋆ Fermi contact (near-field):

ĥfcK =

(
µ0

4π

)(
gee

2m

)(
ŝ · mK

8π

3
δ (riK )

)
⋆ Spin-dipolar term (far-field):

ĥsdK = −
(

µ0

4π

)(
gee

2m

)
ŝ ·
[
mK r

2
iK − 3riK (riK · mK )

r3iK

]

Trond Saue (LCPQ, Toulouse) Molecular properties: basics ESQC 2022 18 / 42



Non-relativistic interaction operator
The NMR experiment

The NMR experiment involves a external magnetic field as well as nuclear spins

ĥNR
int = ĥOZ + ĥSZ + ĥdia

BB

∑
K

(
ĥpso
K + ĥfc

K + ĥsd
K + ĥdia

BK

)
+

∑
KL

ĥdso ,

where appears the mixed diamagnetic contribution

ĥdia
BK =

µ0

4π

e

2m

[[
(B ·mK ) (riG · riK )− (B · riK ) (riG ·mK )

r 3iK

]]
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Molecular properties and response theory

ρ = ρ(0) + ρ(1)Fz +
1
2!
ρ(2)F 2

z + 1
3!
ρ(3)F 3

z + 1
4!
ρ(4)F 4

z + 1
5!
ρ(5)F 5

z + . . .

µi =
∫
riρ

(0)dτ +

∫
riρ

(z)dτ︸ ︷︷ ︸
αiz

Fz +
1
2!

∫
riρ

(zz)dτ︸ ︷︷ ︸
βizz

FzFz + . . .
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Response functions

Consider a Hamiltonian on the form:

Ĥ = Ĥ0 + V̂ (t) ; V̂ (t) =

∫ +∞

−∞
V̂ (ω) e−iωtdω

Hermiticity implies:

V̂ † (t) = V̂ (t) ⇒ V̂ † (ω) = V̂ (−ω)

Kubo expansion:

⟨0̃|Ω̂|0̃⟩ = ⟨0|Ω̂|0⟩

+

∫ +∞

−∞
⟨⟨Ω̂; V̂ (ω)⟩⟩e−iωtdω

+
1

2

∫ +∞

−∞

∫ +∞

−∞
⟨⟨Ω̂; V̂ (ω1) , V̂ (ω2)⟩⟩e−i(ω1+ω2)tdω1dω2

+
1

6

∫ +∞

−∞

∫ +∞

−∞
⟨⟨Ω̂; V̂ (ω1) , V̂ (ω2) , V̂ (ω3)⟩⟩e−i(ω1+ω2+ω3)tdω1dω2dω3

+ . . .

Exact states: the connection between expectation values and energy derivatives is
provided by the Hellmann-Feynmann theorem.
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Variational pertubation theory

We start from an energy function

E ≡ E (λ, ε)

{
λ (variational parameters)

ε (perturbation strengths)

We have to carefully distinguish total and partial derivatives.
Consider the differential

dE =
∑
X

(
∂E

∂εX

)
dεx +

∑
i

(
∂E

∂λi

)
dλi

Total derivative

dE

dεA
=

∑
X

(
∂E

∂εX

)
dεx
dεA

+
∑
i

(
∂E

∂λi

)
dλi

dεA

=
∂E

∂εA
+

∑
i

(
∂E

∂λi

)
dλi

dεA
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Variational perturbation theory

We start from [
dE

dεA

]
ε=0

=

[
∂E

∂εA
+

∑
i

(
∂E

∂λi

)
dλi

dεA

]
ε=0

Key assumption of variational perturbation theory

∂E

∂λi

∣∣∣∣
ε

= 0, ∀λi

We then get [
dE

dεA

]
ε=0

=

[
∂E

∂εA

]
ε=0

Second derivatives[
d2E

dεAdεB

]
ε=0

=

[
∂2E

∂εA∂εB
+

∑
i

∂2E

∂εA∂λi

∂λi

∂εB

]
ε=0

,

..translated to vector notation[
d2E

dεAdεB

]
ε=0

= E
[0]
AB + E[1]

A · λ[1]
B
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Response equations

The variational condition implies

∂E

∂λi

∣∣∣∣
ε

= 0, ∀λi ⇒ d

dεA

∂E

∂λi

∣∣∣∣
ε

= 0

This allows us to generate response equations, e.g[
d

dεA

(
∂E

∂λi

)]
ε=0

=

[
∂2E

∂εA∂λi
+

∂2E

∂λi∂λj

∂λj

∂εA

]
ε=0

= 0

..translated into vector notation

E[1]
A + E

[2]
0 λ

[1]
A = 0; ⇒ λ

[1]
A = −

(
E

[2]
0

)−1

E[1]
A

Second derivative[
d2E

dεAdεB

]
ε=0

= E
[0]
AB + E[1]

A · λ[1]
B = E

[0]
AB − E[1]

A ·
(
E

[2]
0

)−1

E[1]
B
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Exact-state response functions

Let us consider the exact-state response function.
It can be derived as a FCI problem.

We consider a time-independent Hamiltonian on the form

Ĥ = Ĥ0 + V̂ (ε) ; V̂ (ε) =
∑
X

εX ĥX +
1

2

∑
X ,Y

εX εY ĥXY

We assume that we have the exact solutions {|n⟩} of Ĥ0

We write the perturbed wave-function as

|c⟩ =
∑
n

|n⟩cn
ε=0→ |0⟩

We shall impose the normalization condition

⟨c|c⟩ =
∑
m

∑
n

cm⟨m|n⟩cn =
∑
n

c2n = 1

The energy is

EFCI (c, ε) = ⟨c|Ĥ|c⟩ =
∑
m

∑
n

cm⟨m|Ĥ|n⟩cn
ε=0→ ⟨0|Ĥ|0⟩ = E0
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Exact-state response functions

We set up a Lagrangian

LFCI (c, ε, µ) = EFCI (c, ε)− µ (⟨c|c⟩ − 1)

We impose variational conditions
▶ on the CI-coefficients

∂LFCI

∂cn

∣∣∣∣
ε

=
∂EFCI (c, ε)

∂cn
− µ

∂⟨c|c⟩
∂cn

= 2⟨n|Ĥ − µ|c⟩ = 0

⋆ giving us a FCI-problem
Hc = µc; Hmn = ⟨m|Ĥ|n⟩

▶ on the Lagrange-multiplier

∂LFCI

∂µ

∣∣∣∣
ε

= 1− ⟨c|c⟩ = 0

⋆ ..returning the normalization condition.
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First-order response equations

Since the variational conditions are to hold at any perturbation strength, their total
derivatives with respect to perturbation strength are zero at any perturbation
strength.
We shall need the first-order reponse equation from the CI-coefficients:

0 =

[
d

dεB

(
∂LFCI

∂cn

)]
ε=0

=

[
∂2LFCI

∂cn∂εB
+
∑
m

∂2LFCI

∂cn∂cm

dcm

dεB
+

∂2LFCI

∂cn∂µ

dµ

dεB

]
ε=0

=

[
⟨n|

∂Ĥ

∂εB
|c⟩ +

∑
m

2⟨n|Ĥ − µ|m⟩
dcm

dεB
+ 2⟨n|c⟩

dµ

dεB

]
ε=0

= ⟨n|ĥB |0⟩ +
∑
m

2⟨n|Ĥ0 − E0|m⟩c [B]
m + 2⟨n|0⟩µ[B]

= ⟨n|ĥB |0⟩ + 2 (En − E0) c
[B]
n + 2δn0µ

[B] = 0

.. as well as the Lagrange multiplier

[
d

dεB

(
∂LFCI

∂µ

)]
ε=0

=

 ∂2LFCI

∂µ∂εB︸ ︷︷ ︸
=0

+
∑
m

∂2LFCI

∂µ∂cm

dcm

dεB
+

∂2LFCI

∂µ∂µ︸ ︷︷ ︸
=0

dµ

dεB


ε=0

=

[
−
∑
m

2⟨c|m⟩
dcm

dεB

]
ε=0

= −
∑
m

2⟨0|m⟩c [B]
m = −2c

[B]
0 = 0
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First derivative

We first consider

dLFCI

dεA

∣∣∣∣
ε

=

[
∂LFCI

∂εA
+

∑
n

∂LFCI

∂cn

dcn
dεA

+
∂LFCI

∂µ

dµ

dεA

]
ε

=

[
∂LFCI

∂εA

]
ε

,

▶ where we used the variational conditions.

Specifically, we calculate

dLFCI

dεA

∣∣∣∣
ε=0

=

[
∂LFCI

∂εA

]
ε=0

=

[
⟨c| ∂Ĥ
∂εA

|c⟩

]
ε=0

= ⟨0|ĥA|0⟩
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Second derivative

We continue to the second derivative

dLFCI

dεAdεB

∣∣∣∣∣
ε=0

=

[
d

dεB

(
∂LFCI

∂εA

)]
ε=0

=

 ∂2LFCI

∂εA∂εB
+
∑
n

∂2LFCI

∂εA∂cn

dcn

dεB
+

∂2LFCI

∂εA∂µ︸ ︷︷ ︸
=0

dµ

dεB


ε=0

=

[
⟨c|

∂2Ĥ

∂εA∂εB
|c⟩ +

∑
n

2⟨c|
∂Ĥ

∂εA
|n⟩

dcn

dεB

]
ε=0

= ⟨0|ĥAB |0⟩ +
∑
n

2⟨0|ĥA|n⟩c [B]
n

From the response equations we know that c
[B]
0 = 0 and

c
[B]
n ̸=0 = −

1

2

⟨n|ĥB |0⟩
En − E0

⇒
dLFCI

dεAdεB

∣∣∣∣∣
ε=0

= ⟨0|ĥAB |0⟩ −
∑
n ̸=0

⟨0|ĥA|n⟩⟨n|ĥB |0⟩
En − E0

We recover the expression from Rayleigh-Schrödinger perturbation theory

For second-order NR magnetic properties the diamagnetic contribution is an
expectation value, the paramagnetic one a linear response function.

The linear response function contains excitation energies and transition moments.
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Hartree-Fock response theory
BCH-expansion of HF-energy

We write the perturbed HF state as

|0̃⟩ = exp (−κ̂) |0⟩; κ̂ =
∑
pq

κpq â
†
p âq,

where |0⟩ is the unperturbed HF solution, obtained with Ĥ0.

No Lagrange-multipliers are needed !

The perturbed HF energy is

EHF (κ) = ⟨0̃|Ĥ|0̃⟩ = ⟨0| exp (κ̂) Ĥ exp (−κ̂) |0̃⟩

We obtain an expansion in order of κ using the BCH-expansion

EHF (κ) = ⟨0|Ĥ|0⟩ O
(
κ0

)
+ ⟨0|

[
κ̂, Ĥ

]
|0⟩ O

(
κ1

)
+ 1

2
⟨0|

[
κ̂,

[
κ̂, Ĥ

]]
|0⟩ O

(
κ2

)
+ 1

6
⟨0|

[
κ̂,

[
κ̂,

[
κ̂, Ĥ

]]]
|0⟩ O

(
κ3

)
+ . . .
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Hartree-Fock response theory
A very useful relation !

Starting from

Ĥ =
∑
pq

hpq â
†
p âq +

1

2

∑
pqrs

(pq|rs) â†p â†r âs âq

.. one can derive[
κ̂, Ĥ

]
= Ĥ{1} =

∑
pq

h{1}
pq â†p âq +

1

2

∑
pqrs

(pq|rs){1} â†p â†r âs âq,

..where

h{1}
pq =

∑
t

(κpthtq − hptκtq)

(pq|rs){1} =
∑
t

[(κpt (tq|rs)− (pt|rs)κtq) + (κrt (tq|rs)− (pt|rs)κts)]

..such that

EHF (κ) = ⟨0|Ĥ|0⟩+ ⟨0|Ĥ{1}|0⟩+ 1

2
⟨0|

[
κ̂, Ĥ{1}

]
|0⟩+ 1

6
⟨0|

[
κ̂,

1

2
⟨0|

[
κ̂, Ĥ{1}

]
|0⟩

]
|0⟩+ . . .

+ ⟨0|Ĥ|0⟩+ ⟨0|Ĥ{1}|0⟩+ 1

2
⟨0|Ĥ{2}|0⟩+ 1

6
⟨0|Ĥ{3}|0⟩+ . . .
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Hartree-Fock response theory
Redundant variables

All terms of the BCH-expanded HF-energy have the same form

⟨0|Ĥ{n}|0⟩ =
∑
i

h
{n}
ii +

1

2

∑
ij

(ii||jj){n}; (pq||rs) = {pq|rs) − (ps|rq)

We shall remove redundant variational parameters;
they do not contribute to ⟨0|Ĥ{1}|0⟩. We note∑

i

h
{1}
ii =

∑
i

∑
t

(κithti − hitκti )

=
∑
i

∑
j

(κijhji − hijκji ) +
∑
i

∑
a

(κiahai − hiaκai )

The one-electronterm involving only occupied orbitals is zero∑
i

∑
j

(κijhji − hijκji ) =
∑
i

∑
j

κijhji −
∑
i

∑
j

hijκji =
∑
i

∑
j

κijhji −
∑
i

∑
j

hjiκij = 0

▶ The same holds for the two-electron term;
orbital rotation parameters

{
κij

}
are redundant.

The same holds for {κab} since they do not appear in these expressions at all.

We can therefore write

κ̂ =
∑
pq

κpq â
†
p âq → κ̂ =

∑
ai

[
κai â

†
a âi + κia â

†
i âa
]
=
∑
ai

[
κai â

†
a âi − κ

∗
ai â

†
i âa
]

Trond Saue (LCPQ, Toulouse) Molecular properties: basics ESQC 2022 32 / 42



Hartree-Fock response theory
HF gradient and first-order properties

Using the above simplifications, we first consider the HF gradient

E
[1]
0;pq =

[
∂EHF

∂κpq

]
ε=0

=

[
∂

∂κpq
⟨0|
[
κ̂, Ĥ

]
|0⟩
]
ε=0

=

[
∂

∂κpq
⟨0|Ĥ{1}|0⟩

]
ε=0

=
∂

∂κpq
⟨0|Ĥ{1}

0 |0⟩

Actual expression

E
[1]
0;ai =

[
∂EHF

∂κai

]
ε=0

= −Fia

First-order properties:[
dEHF

dεA

]
ε=0

=

[
∂EHF

∂εA

]
ε=0

=

[
∂

∂εA
⟨0|Ĥ|0⟩

]
ε=0

= ⟨0|ĥA|0⟩
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Hartree-Fock response theory
Second-order molecular properties

First-order response equation
E

[2]
0 X[1]

A = −E[1]
A

Solution vector:

X[1]
A =

[
x
x∗

]
; xai = κA

ai

Property gradient:

E[1]
A =

[
g
g∗

]
; gai = −hia

Electronic Hessian

E
[2]
0 =

[
A B
B∗ A∗

]
;

Aai,bj =
[

∂2EHF

∂κ∗
ai
∂κbj

]
ε=0

= δijFab − δabFji + (ai ||jb)

Bai,bj =
[

∂2EHF

∂κ∗
ai
∂κ∗

bj

]
ε=0

= (ai ||bj)

Second-order molecular properties[
d2EHF

dεAdεB

]
ε=0

= E
[0]
AB − E[1]†

A

(
E

[2]
0

)−1

E[1]
B = ⟨0|ĥAB |0⟩+ E[1]

A X[1]
B

Can we somehow extract excitation energies and transition moments ?
▶ Yes, we can !
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Hartree-Fock response theory
The frequency-dependent linear response function

Linear response function in the static case

⟨⟨Â; B̂⟩⟩0 = −E[1]†
A

(
E

[2]
0

)−1

E[1]
B

Generalization to dynamics properties

⟨⟨Â; B̂⟩⟩ω = −E[1]†
A

(
E

[2]
0 − ωS

[2]
0

)−1

E[1]
B ,

where appears the generalized metric

S
[2]
0 =

[
Σ ∆

−∆∗ −Σ∗

]
;

Σai,bj = −δabδij

∆ai,bj = 0
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Hartree-Fock response theory
Excitation energies and transition moments from the linear response function

We start from

⟨⟨Â; B̂⟩⟩ω = −E[1]†
A

(
E

[2]
0 − ωS

[2]
0

)−1

E[1]
B

We insert a non-singular matrix X

⟨⟨Â; B̂⟩⟩ω = −E[1]†
A XX−1

(
E

[2]
0 − ωS

[2]
0

)−1 (
X †

)−1

X †E[1]
B

= −E[1]†
A X

(
X †E

[2]
0 X − ωX †S

[2]
0 X

)−1

X †E[1]
B

The resolvent matrix
(
X †E

[2]
0 X − ωX †S

[2]
0 X

)
can be brought to diagonal form by

solving the generalized eigenvalue problem

E
[2]
0 Xn − ωnS

[2]
0 Xn = 0,

giving approximate exitation energies ℏωn.

Corresponding approximate transition moments are obtained as E[1]†
A Xn .

Note that we obtain these quantities without explicit calculation of excited states !
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More on gauge transformations

From classical mechanics we saw that external fields are introduced into the
Hamiltonian through the substitutionsFrom classical mechanics

H (r, p, t) = Hp (r,π, t) + qϕ(r, t); p = π + qA

The potentials have gauge freedom

A → A′ = A+∇χ

ϕ → ϕ′ = ϕ− ∂tχ

Similarly, in the electronic QM Hamiltonian, minimal substitution gives

Ĥ (̂r, p̂, t) = Ĥp (̂r, π̂, t)− eϕ(r, t); p̂ = π̂ − eA

Gauge transformations may be induced by local unitary transformations
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Gauge transformation by local unitary transformation

Suppose that we have a wave function satisfying the time-dependent wave equation(
Ĥ − iℏ∂t

)
ψ (r, t) = 0

We consider a unitary transformation of our equation

Û−1
(
Ĥ − iℏ∂t

)
ÛÛ−1ψ (r, t) = Û−1

(
Ĥ − iℏ∂t

)
Ûψ′ (r, t) = 0

We choose a local unitary transformation on the form

Û = exp

[
− i

ℏ
eχ (r, t)

]
We observe the following:

▶ iℏ∂t Ûψ′ (r, t) = Û [e∂tχ (r, t) + iℏ∂t ]ψ′ (r, t)

▶ π̂Ûψ′ (r, t) = (−iℏ∇+ eA) Ûψ′ (r, t) = Û [π̂ − e∇χ (r, t)]ψ′ (r, t)
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Gauge transformation by local unitary transformation

We conclude that(
Ĥ − iℏ∂t

)
ψ (r, t) =

(
Ĥp (̂r, π̂, t)− eϕ(r, t)− iℏ∂t

)
ψ (r, t) = 0

becomes

Û−1
(
Ĥ − iℏ∂t

)
Ûψ′ (r, t) =

(
Ĥp

(
r̂, π̂′, t

)
− eϕ′(r, t)− iℏ∂t

)
ψ′ (r, t) = 0,

with

π̂′ = p̂+ eA′;
A′ = A−∇χ

ϕ′ = ϕ+ ∂tχ

In principle calculated observable are invariant under the gauge transformation, e.g.

⟨ψ′|Ω̂|ψ′⟩ = ⟨ψ|ÛΩ̂Û−1|ψ⟩ = ⟨ψ|Ω̂|ψ⟩,

<5->..but this may not be the case in a finite basis.
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Looking at a gauge-transformed wave function
(Figure from Trygve Helgaker)

Consider the vector potential of a uniform magnetic field

AO (ri ) =
1

2
(B× riO)

The gauge origin may be shifted by a gauge transformation

AG (ri ) =
1

2
(B× riG ) = AO (ri )−∇iχ (ri ) ; χ (ri ) = r · AO (G)

Illustration: H2 on the z-axis with a magnetic field B = 0.2 a.u. in the y -direction
▶ wave function with a gauge origin at O = (0, 0, 0) (left) and G = (100, 0, 0) (right)
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London orbitals

Is there are optimal gauge origin when calculating magnetic properties ?
▶ For atoms: yes
▶ For molecules: no

One option is to introduce London orbitals,
▶ also called Gauge-Including Atomic Orbitals (GIAOs)

χµ (r) → ωµ (r) = exp

[
−

i

ℏ
er · AG (Rµ)

]
χµ (r)

▶ removes dependence on some arbitrary gauge origin G by shifting the gauge origin to
the center of the basis function
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Dissociation with and without London orbitals
(Figure from Trygve Helgaker)

Let us consider the FCI dissociation of H2 in a magnetic field
▶ full lines: with London atomic orbitals
▶ dashed lines: without London orbitals

Trond Saue (LCPQ, Toulouse) Molecular properties: basics ESQC 2022 42 / 42


